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Abstract. In the first part of this paper we study minimal representations 
of simply connected simple split groups G of type Dj. or Ej. over local non- 
archimedian fields. Our main result is an explicit formula for the spherical 
vectors in these representations. In the case of groups over R and C, such a 
formula was obtained recently in [8] . We also use our techniques to study the 
structure of the space of smooth vectors in the minimal representation. In 
the second part we consider groups G as above defined over a global field K. 
In this situation we describe the form of the automorphic functional on the 
minimal representation of the corresponding adelic group. 



Introduction 

The study of minimal representations of simple groups of types Dk and Ek over 
local non-archimcdian fields started with papers [7] and [9]. In the former paper 
such a representation was constructed explicitly for (not necessarily split) groups 
of type Z?4. In [9] an explicit realization of the minimal unitary representation 
TT : G{F) Aut(i?2) in the split case was given, where F is arbitrary local non- 
archimedian field (in the archimedian case the construction is similar). On the 
other hand, minimal representations appear naturally in the theory of automorphic 
forms as residues of Eisenstein series (see [7] , [5] ) . It would be desirable to connect 
the global theory with the explicit local realizations. To achieve this it is important 
to understand these local realizations better, namely, to understand the structure 
of the space R C R2 oi smooth vectors and to have explicit formulas for spherical 
vectors. In the case of real and complex groups such formulas were obtained in 
the work [8] that served as a motivation for us. In the present paper we compute 
spherical vectors in the non- archimedian case. The answer is given in Theorem 
1.1.3 below. 

In the case of the type D4 our calculation uses a different realization of the 
minimal representation in terms of functions on a quadratic cone and the results of 
[2] that allow to identify the spherical vector in that realization. The intertwining 
operator between the two realizations is given by some kind of Fourier transform 
and we can easily calculate the image of the spherical vector (this method can 
be generalized to the type Dk with any fc > 4). For all other types our method 
of computation is roughly as follows. First we analize the action of some Hecke 
operators on Iwahori invariant vectors. Using the results of Savin in [13] and the 
calculations of Lusztig in [10] we obtain the form of the spherical vector with one 
unknown constant. Then we determine this constant by direct calculation involving 
the finite Fourier transform. 
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In the non-archimedian case we also obtain some information on the structure of 
the space of smooth vectors R consisting of all vectors in R2 with open stabilizer. 
Note that in the case of exceptional groups these results were obtained by Magaard 
and Savin in [11]. Recall that the minimal representation is realized in the space of 
i2-functions f{y, xq, ■ ■ ■ , Xn) where xq,. . . , .t„ e F are variables of the Schrodingcr 
representation of certain Heisenberg group H contained in G (see section 1). This 
subgroup H appears as a unipotent radical of some maximal parabolic subgroup 
P C G. The space of smooth vectors R in this representation contains as a subspace 
the space of all locally constant functions with compact support contained in the 
set y ^ 0. To understand the quotient of R by this subspace we define 

7(xo,... ,Xn) = limV' C^'^^^^'""" '^"^^ )/(t/,a;o,a:) 
y^o xqu 

where Iq is certain cubic form that appears in the formulas for operators of G 
acting on R. We prove that for xq ^ the limit defining f{xo, ■ ■ ■ ,Xn) exists for all 
f G R. Then we consider the variety C defined as the graph of the gradient of the 
rational function Ig{xi, . . . , Xn)/xo. It turns out that for all f € R the fimctions 
/(xo, . . . ,Xn) extend to locally constant sections res(/) of some line bundle C over 
C{F). Moreover, C is equipped with the natural action of the Levi subgroup 
L(F) C P{F) and the obtained map is L(F)-equivariant. We prove that all locally 
constant sections with compact support are obtained in this way. The final piece 
of R is the space of asymptotics of functions / near zero. We show that this space 
coincides with the Jacquet functor J{R) of R, i.e., the space of _ff (F)-coinvariants 
on R. It is known that J{R) is the direct sum of a one-dimensional representation 
and of the space of smooth vectors in the minimal representation of L{F) (twisted 
by certain character). 

Some of these results have analogues in the case = R or C. Namely, let 
us denote by g the Lie algebra of G{F). If tt : G{F) — > Aut(i?2) is a unitary 
representation of G then the space of smooth vectors in it is defined to be the 
subspace R G R2 consisting of vectors f & R2 which belong to the domain of the 
definition of n{u) for all u € U{q). It is well-known that R is dense in R2 (sec 
[4]). For every u G U{q) wc consider the norm on R given by \\f\\u ■— \W{u)f\\ 
and introduce the topology on R given by the system of norms (jj • . Then R is 
a complete locally convex topological space. Let S{G{F)) be the ring of Schwartz 
functions on G{F). Wc have an action tt : S{G{F)) ® R ^ R : ((p,r) 1-^ (p*r and tt 
is surjective. Similar action can be defined for subgroups of G. We define Jacquet 
functor J{R) = Jh{R) with respect to H as the quotient of R by the closure of the 
span of vectors of the form (p * f — {Jh(f') fW^^)f^ where f <E R. f <E S{H{F)). 
On the other hand, we call a linear functional /* on R tempered (resp. G' -tempered, 
where G' C G is a subgroup) if for every r G R the functional ip f*{(f * r) on 
S{G{F)) (resp. S{G'{F))) is continuous. The two definitions arc compatible in the 
following way: if a functional /* is if -tempered and iJ (f )-invariant then /* factors 
through J{R). We refer to 7 for more details on the archimedian picture (which is 
still partially conjectural). 

In the second part of the paper we use our formula for the spherical vectors to 
determine the form of an automorphic (i.e., G(Jr)-invariant tempered) functional 
on the minimal representation of the adelic group G(A), where if is a global field, 
A = Ak is the ring of adeles for it. We prove that every G(iir)-invariant tempered 
functional on the adelic minimal representation is proportional to the functional of 
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the form 

0{f)= J2 f{y,xo,... ,Xn) + \D\'^ ■ J2 res(/) + a 

where the second sum is defined using a natural triviaUzation of the Une bundle C 
over if-points of C, a is the functional that factors through the Jacquet functor 
J{R), \D\ is the absolute value of the discriminant in the number field case, \D\ = 
q^g-"^ in the functional field case, where g is the genus. We study in more details 
the case when G is of type and K is the field of functions on a curve X of genus 
g over F^. In this case it is more convenient to work with the twisted realization 
of the minimal representation of G(A), where all variables are (adelic) 1-forms on 
X. The line bundle C in this case is trivial but has a no n- trivial L-equi variant 
structure given by some character of L. Because of this the second term of 6 can be 
rewritten in terms of the function / (3;o, • • • ,Xn) = |.xo|''^^/(xo, . . . ,.Xn) that 
extends to a locally constant function on C. We prove that in this realization the 
G(ii')-invariant tempered functional takes form 

e{f)= E /(2/,^o,a;)+g(^^-2)(«+^)- ^ 7— 

where s = 1, 2, 4 for G = Se, £^7, i?8, is the set of rational 1-forms on our curve, 
the functional ai factors through the trivial component of the Jacquet functor of 
R, a2 factors through the minimal representation of the Levi subgroup of P. The 
functionals ai and a2 are uniquely determined by the constants ai{fo) and a2(/o); 
where /o is the product of spherical vectors over all places. We compute these 
constants in the cases g = and g = 1. Basing on this computation we conjecture 
that the following relation holds: 

where L(X,t) is the L-fimction of the curve X. In a sequel to this paper we will 
show that there is a formula for ai(/o) as a product of local factors (defined by 
certain integrals). It seems that these factors are computable and in this way we 
plan to prove the above formula for ai(/o)- This method should also provide a 
formula for ai(/o) in the number field case. 

To complete our description of the automorphic functional on the minimal rep- 
resentation in the number field case, we need to know the Jacquet functor J{R) 
of local minimal representations at archimedian places. We conjecture that the 
decomposition of this Jacquet functor into irreducible representations of the Levi 
subgroup has the same structure as in the non-archimedian case. D. Barbasch in- 
formed us that he checked this for the case of series Dk. In section 9 assuming 
the validity of this conjecture we show that for G of type Ek the G(/r )-invariant 
tempered functional can be written as the sum of 4 terms 9i +62 + 0/1+012 as above. 
Hence, in this case the calculation of this functional again reduces to finding the 
constants ai(/o) and q;2(/o)- 

The paper is organized as follows: sections 1-7 constitute part I devoted to local 
results, while sections 8 and 9 constitute part II describing the global picture. In 
section 1 we review the standard model for the local minimal representation and 
formulate our main local result: the formula for the spherical vector. In section 2 
we prove this formula for G = D4. In section 3 we study properties of the map 
f 1-^ f and describe the form of / for Z/(0)-invariant vectors /. In section 4 we 
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use the action of Hecke algebra to derive the formula for the spherical vector with 
one unknown constant. In section 5 we find this constant by explicit computa- 
tion involving the Fourier transform over the residue field. In section 6 we apply 
our formula for spherical vectors to obtain the description of the space of smooth 
vectors in local minimal representations. In section 7 we (partially) describe the 
archimedian picture. In section 8 we determine the general form of the automorphic 
functional on the adelic minimal representation. Finally, in section 9 we get more 
precise; results about this functional in the case of G = Ek- 
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Let G be a simply connected simple split group of type Dk or Ek over a local 
non-archimedian field F. We denote by $ the corresponding root system, by the 
set of positive roots, by A the set of simple roots and by lo the highest positive root. 
We fix a splitting of G (see [1]). It gives for every root a an isomorphism t ea{t) 
between and the one- dimensional unipotent subgroup in G corresponding to a. 
We have 



where c(a,/3) = ±1 is some sign (see e.g. [9], sec.l). The important properties of 
this sign function are: 



Let us denote by C C the valuation ring in F. We choose an additive character 
il):F^C*of order 0, i.e., such that tp{0) = 1 and ipin-'^O) ^ 1, where tt e F is a 
uniformizer. The corresponding self-dual measure dx on F is such that vol(0) = 1. 

1.1. Heisenberg group and standard realization. Let /3q be the simple root 
to which the affine root attaches on the extended Dynkin diagram. The following 
lemma is easily checked case by case. 

Lemma 1.1.1. The fundamental weight corresponding to (3q coincides with u. 

Let P C G be the maximal parabolic subgroup corresponding to A \ {/3o}- We 
denote by H the unipotent radical of P. The Lie algebra of H is spanned by the 
roots in the set {u} U E, where E is the set of all roots 7 such that w — 7 is also 
a root. Equivalently, E = {7 G $ : {w,'y) = 1}. We have a natural involution 
* : 7 a; — 7 on E. Let us define the subset 11 c E by setting 11 = {/3o} U Hi, 
where 



Part I. Local results 



1. Formula for the spherical vector 




a + /3 e $, 
otherwise, 



c(a,/3) = c(-a,/3), 
c(a, /3)c(/3, a) = (-1) 

c{a, /3 + 7) = c(a, (3)c{a, 7) 
c{a, a) = —1 for a G $. 



Hi = {/? e E : (/3o,/3) = 1} = {/? e E : /3 - /3o e 
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Then T, is the disjoint union of 11 and *(n). 

We have P = LH, where L is the Levi subgroup: L = GiPq (Gm), where 
Gi = [L,L] is a semisimple group with simple roots A \ {/3o}- The center Z{L) 
of L is generated by the fundamental coweight Lu^^{(Gm) corresponding to /3o- On 
the other hand, oj (considered as a character of the maximal torus) extends to the 
character lu : L ^ Gm such that Gi ~ kercj. 

The center of H is the subgroup Z(H) = eui{Ga) C G. The group H is the central 
extension of the vector space V = H/Z{H) by Z{H). Moreover, the commutator 
on H induces a symplectic form E onV. By the definition, we have 

E{gvi,gv2)=uj{g)E{vi,V2), (1.1) 

where g £ L, wi,W2 £ V. Let A C (rcsp. A' C V) be the span of the 
one-parametric subgroups corresponding to 11 (resp. *n). Then A and A' are 
Lagrangian subspaces in V. We denote the elements of Hi by /3i, . . . , /3„, so 
that n = {/3o,/3i,-- - ,/3n} and we set 7^ = *(/3i) for i = 0, . . . , n. In the case 
G = Dk with k > 5 we make the following special choice of /3i. If we re- 
move the vertex /3o from the Dynkin diagram of Dk, we get a disjoint union 
of Ai and Dk~2- Let us denote by ai the simple root corresponding to Ai in 
the obtained diagram. Then we set /3i = /3o + cci. For every root a let us set 
Cct = e„(l). Then {e/}^, . . . , e-y^, . . . , e^„) is a basis of V over F and we de- 
note by (xq,... ,Xn,x[^,... , .t' J the corresponding coordinates on V. Note that 
the symplectic form in this basis has the following form: E{ei3.,e^^) = 6ijc{Pi,jj). 
Let us denote ej := E{e0^,ej^) = ±1. Using the properties of c(-, •) we obtain the 
following expressions for these signs: 

= c(/3i,7i) = -c{0i,u}) = c(7i,w). 

When /3 is one of the roots f3i we will also use the notation xp for Xi. 

The minimal representation of G{F) is realized in the space of L^-functions 
f{y,xo, ■ ■ ■ ,Xn)- The action of H{F) is given as follows: 

e-f,{t)f = i^i^itxi)/, 

ei3i{t)f{y,xo, ... ,Xi,... ,Xn) f{y,xa, ... ,Xi+ty,... ,a;„), 

where t G F, i = 0, . . . , n. The important role is played by the following two 
operators: 

Sf{y,Xo,... ,Xn) ^ / f(y,Xo,... , Xn)'ip{y^^ (xoXo + . . .+XnXn))\y\ ^dxo . . .dXn, 
Af{y, Xo,... , Xn) = 1p{-^^-^^^^^^^)f{-Xo, y,Xi,... , Xn), (1.2) 

xoy 

where / = is the cubic form 

I{xi,... ,Xn)= ^ c{0i,(3j)c{0i,(3k)c{(3j,Pk)c{(3o,^^)XiXjXk. 

j<j<fe:ft+/3j+/3fc=/3o+w 

The operator A represents the Weyl generator s^^ = e/3Q(l)e_/3o (1)6/3^(1), while S 
represents the longest element in the Weyl group of L (or rather its canonical lifting 
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to G). The action of an element t of the maximal torus T C G is given by 

n 

tf{y,xo,... ,a;„) = Jj7i(t)|5 ■f{uj{t)y,'yo{t)xo,... ,^n{t)xn). 

i=0 

In particular, Z{L) acts as follows: 

^^o^c)f{y^XQ,... ,Xn) = \c\^f{c^y,CXo,... ,CXn), 

where c £ F*. On the other hand, the coroot corresponding to /3o acts by 

0o{c)f{y,Xo,Xi,... ,Xn) = f{cy,C~'^Xo,Xi,... ,Xn)- 

Note that the operator corresponds to the action of s'p^ = /3q (— 1). 

We denote by R the space of smooth vectors in the minimal representation of 
G{F). Later we will discuss the structure of this space in more details. Now we 
restrict ourselves to the following simple observations. 

Lemma 1.1.2. (a) Every f E R has bounded support. 

(b) For every f & R and every e > the restriction of f to the set {{y,Xo, . . . ,x„) : 
\y\ > e} is locally constant. 

(c) The space R contains all locally constant functions f with compact support 

contained in F* x 

Proof, (a) This follows from the invariance of / under the action of e^ {t) and e-^- (t) , 
i = 0,. . . , n, for sufficiently small t £ F. 

(b) This follows from the invariance of / under the action of ep^{t), i = 0, . . . ,n, 
for sufficiently small t G F. 

(c) It is clear that such a function / is invariant with respect to some open subgroup 

in P{F) (since it acts essentially through Weil representation). Assume first that 
the support of / is contained in the set y 7^ 0, 7^ 0. Then Af also has compact 
support in F* x so we get that Af is also invariant under the action of some 

open subgroup in P{F). This implies that / is a smooth vector. The general case 
is reduced to this one, using the action of L{F). □ 

Our main result is the following formula for the spherical vector /o in R. Note 
that because of the invariance of /o with respect to A, it suffices to compute 
fo{y,xo,... ,Xn) for \y\ < \xo\. 

Theorem 1.1.3. Let /o E R be the spherical vector normalized by the condition 
/(1,0,... ,0) = 1. Then one has the following formulas for fo{y,xo,xi, .. .), where 

\y\ < ko|. 

(i) Case G = Ek. 

w( — ^)a;o • 5-T , (a;, gradi — la;) < 1, 

0, otherwise, 

where x = (xq, xi,...); s = 1, 2, 4 for k = 6,7, 8, respectively, q is the number of 

elements in O/nO. 

(a) Case G = Dk, where k>5. 

fo{y,xo,xi,...) = 

-^J\xor max(l, ■ |(a;,grad(^)x)| < 1, 

otherwise. 




(Hi) Case G = D4. 

10, otherwise, 

where for every vector y we denote by v{y) e Z the valuation of y (so that \y\ = 

q-v{y) 

The proof of this theorem will constitute sections 2-5. We end this section 
with several useful technical lemmas. First, we are going to look at the action 
of some subgroups of G on R. Let us consider the semisimple subgroup Go C G\ 
corresponding to the root subsystem in $ spanned by the simple roots not attached 
to /3o- We have the following table: 

G Gi Go 

Dk Ai X Dk-2 Dk-3 

Eg A5 A2 X A2 
Er Dq As 
-Eg Ef Eq 

Since, Gq centralizes Z{H) and the action of Gq on V preserves the subspaces A 
and A', the corresponding operators on R are 

.9o,/(?y,A) = /(2/,ff-iA). 

Now let us consider the Borel subgroup B C L corresponding to positive roots 
in L, and let U = [B,B] c B be the unipotent radical of B. It is easy to see 
that the action of _B on y preserves the subspace A' C V. Furthermore, the 
element e^^ € 1^ is invariant under the action of U. Hence, the action of U on 
V leaves the coordinate a;o on V invariant. Now for every g G U{F) we have 
^(A, A') = (AgA, (A*)~i(A' + BgX)), where A G A, A' G A', Ag is an operator on 
A, A* is the dual operator on A', Bg is a self-dual linear map from A to A'. The 
corresponding operator on R is 



E(B„A-^X,A-^X) 

9f{y, A) = H ' ' )f{y^ ^;'A), 



where A G A, i? is the symplectic form on V . In the following lemma we consider 
/ = / as a function on A by setting /(xq, x\, . . . , = /(xi, . . . , 

Lemma 1.1.4. For every g G U{F) one has 

E{\,Bg{\)) _ I{Ag\)-I{\) 

2 a;o(A) 

where A G A. 

Proof. Since Bg^g^ = A*g,^Bg^Ag^ +-^92 ^nd the action of U preserves the coordinate 
Xo, it suffices to check the identity in question for g = ea{t), where a is a simple 
root ^ /?o- If {(x,/3o) = 0, then a belongs to the root system of Go- In this case 
Bg = 0, so we have to prove that the operator Ag preserves /. This follows easily 
from the fact that the operator A representing s^^, commutes with g. Thus, we 
are reduced to the case (a, /3o) = — 1. In this case the proof is obtained by writing 
explicitly the equality of operators in the minimal representation corresponding to 
the identity 

S0oea{t)s^^ = [e/3„(l),ec(i)]. 



□ 



Lemma 1.1.5. For every t in the maximal torus of G one has 

I{'yi{t)xi,... ,7„(t)a;„) =7o(i)a;(t)/(a;i,... ,a;„). 

Proof. The cubic form / contains only monomials of the form XiXjXk such that 
Pi + (3j + I3k= (3o + u). For such k) one has also 7^ + 7^ + 7fe = 70 + w. □ 

Lemma 1.1.6. Let us denote 5 = uj + '}2l=o 7i- Then in the case G = one has 

S = 2{s + l){iJ + jo), 
where s = 1, 2, 4 for k = 6,7, 8. On the other hand, for G = Dk (k>A) one has 

5={k-2)uj + 270 + {k- 4)q!i, 
where for k>5 we denote by ai the simple root attached only to po ■ 
The proof is a straightforward computation. 

1.2. Twisted realizations. Note that the additive character tp above was assumed 

to be of order 0. Now wc arc going to explain how to construct a twisted version of 
the standard realization associated with an arbitrary non-trivial additive charater 
of F. 

Let M be a free O-modulc of rank 1 and let -0 : F (E)o M ^ C* be a character 
which is trivial on M and non-trivial on 7r~^M. Then one can realize the minimal 
representation of G{F) in Z/2-functions of y, a;o, • • • ,Xn & F 0© ^ using essentially 
the same formulas as in section 1.1. One just has to notice that the arguments of 
xp in these formulas are always expressions that are homogeneous of degree 1 in the 
variables, so they can be considered as elements of F (g)© M. Also, the norm on 
F 0o M is defined by \a (E) m| = \a\ for a d F , m € M \ ttM. Finally, the measure 
\y\~^dx appearing in the formula for the action of S should be replaced by the 
self-dual measure on F (S)o M with respect to the biadditive character (xi,X2) 1— > 
ip{xiX2/y) on this group (sec [17], VII-2). 

The formula of Theorem 1.1.3 for the spherical vector is still valid in this real- 
ization (with the above definition of norm on F <^o M). Note that this spherical 
vector is normalized by the condition /o(l (Ei m, 0, . . . , 0) = 1 for m G M \ ttM. 

Now let '0 : F — > C* be an arbitrary non-trivial character. Then we can take 
M = ■!T~'^0 C F, where v is the order of ip, so that V is trivial on tt~"0 and 
non-trivial on 7r~'^^^0. Using the embedding of M in F we can identify F (E)o M 
with F. Then the realization of the minimal representation associated with M can 
be considered as a realization in Z/2-functions of xo^ • • • i 

e F. Let us denote 

the space of smooth vectors in this realization by i?^. Of course, it coincides with 
R but the action of G{F) on is different. Namely, let ^0 be a character of order 
used to define R. Then there exists a G tt'^O* such that tpit) = 4>o{(it). The 
map f{y, xq, . . . , a;„) f{ay, axQ, . . . , axn) is a G(-F)-isomorphism from R to R,^. 
The spherical vector /o in the realization R^ is supported on the (7r~''C')"+^. We 
always normalize it by the condition that fo{7T~" , 0, . . . , 0) = 1. Then /o is given 
by the formula of Theorem 1.1.3 with replaced by |7r"a;|. 

We will need twisted standard realizations for global applications in the second 
part of the paper. Until then we will always assume that tjj is of order 0. 
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2. Case of D4 



Our general strategy of finding the spherical vector /o is based on the study of the 
action of certain double Iwahori coset on Iwahori-invariant vectors in R. The case 
G = D4 differs from all the others in that the action of this coset is not semisim- 
ple. One can overcome this difficulty, but we prefer to give a completely different 
derivation of the formula for /o in this case. We are going to use a realization of 
the minimal representation of on the space of functions on the quadratic cone 
uivi + U2V2 + U3V3 = (similar realization exists for all Dn). Namely, the subgroup 
-D3 C D4 acts geometrically by linear transformations of variables preserving the 
quadratic form. One more Weyl generator acts by the partial Fourier transform 

W(l){Ui,U2,U3,Vi,V2,V3) = \Ui\ / 1p{ )X 

; / II ^2^2 ^S^^ / I \ 1 I 1 I 1 I 1 I 

(p{-ui, U2, U3, ,V2,V3)du2du3dv2dv3. 

Ui 

It follows from the results of Braverman and Kazhdan in [2] that the spherical 
vector in this realization is the function 

where for a vector x = {ui, U2, U3, fi, W2, v^) wc denote by the maximum of norms 
of the coordinates, do is the characteristic function of the set where all coordinates 
are integers (the normalization is chosen in such a way that (f)o{x) = 1 for \x\ = 1). 
More precisely, wc use the fact that our quadratic cone coincides with the basic 
affine space for the group SL3 and that the generalized Fourier transforms 
acting on functions on this space (see [2]), are part of the action of the Weyl group 
of D4. Theorem 3.13 of [2] describes an explicit basis in the space of X-invariants 
for some compact subgroup K in D4 and the action of the operators on it. 
Combining this description with the fact that the spherical vector is supported on 
points with integer coordinates, we obtain the formula above. 

The intertwining operator from this realization to the standard one is given by 
the formula 

S(j}{y,xo,xi,X2,X3) ^ / ■ip{'—^)(t>{y,y',xo,x'„,xi,X2)-r-j-. 



I yy' +xoXg+xiX2=0 y \y\ 

Thus, we can compute the spherical vector /q in the standard realization using the 
formula /o = S(po. In other words, we have to compute the following integral 

fo{y,Xo,Xi,X2,X3) = 



L 



^^X3X^^\{y,y',xo,x'Q,xi,X2)\ ^-q ^ dx'^ 



y',x'oeO: yy' +xox'o+xiX2=0 V 1 9 ^ Ivl 

for y, xo, xi,X2 G O, x^ € F. First let us consider the case |a;o| < \y\- Then from the 
condition y' = _£2£o±£i£a ^i^^t the domain of integration is empty unless 

e O. On the other hand, if G O then y' is automatically an integer. 
Furthermore, in this case |(y, a;o)| = \y\ and |(a;Q,j/')| = |(a;Q, so we can write 

, f ,.X3x'\{y,^,3:'o,xi,X2)\-^-q-^ dx'o 

fo{y,Xo,Xi,X2,X3) = i){ ^) 2 ^ 

Jx'eo y 1-9 ^ |y| 



Let us set a = \{y, ^^^,xi,X2)\- Note that by our assumptions a <1. Now we can 
split the domain of the above integral into two pieces: |a;o| < a and a < \x'q\ < 1, 
so that 

|y|/o(2/,a;o,a;i,a;2,a;3) = 

^-1 JK\<'^ y Ja<\xi,\<i y 1-a 1 

The first integral can be computed immediately: 



^|x;,|<a y [a, 



'\=o'o\< 

The second integral an be rewritten as follows: 



If i>«-s 

If 



h= I V' — j zr^dxQ= > —■ V( -)dxQ. 

Now we use the fact that for b £ and t £ F* one has 



/ ip{tx)dx = < 

J\x\=b 



0, |t| > qb-\ 

-q-'b, \t\=qb-\ 
[(1-9-1)6, \t\<b-\ 



It follows that I2 = unless |f | < a ^. Now let us consider two cases: (1) |f | < 1, 
(2) 1 < If I < fl-i. In the first case, denoting a = q~'^ (where n > 0) we obtain 



and therefore 



0<j<n ^ 



\y\h{y,XQ,xi,X2,xs) = l + v{y, ^^,xi,X2). 



In the second case, setting m = v{-^) we get 



m<?<n 

provided that m < n (otherwise, I2 = 0). Hence, in this case 

I \ 1, / ^1^2 ^ ^y. 1, , a;ia;2a;3 xiXa X1X2. 

\y\fo{y,Xo,Xi,X2,X3) = 1+V{y, ,Xi,X2)-v{ — ) = 1+V{X3, 2 — , , ) 

y X3 y^ y y 

provided that all the components of the last vector are integers (otherwise, we get 
zero). We can unify these answers by writing 



fo{y,Xo,Xl,X2,X3) = \y\ 1 • [l + v{y,Xi,X2,X3, 



X1X2 X1X3 X2XS X 1X2X3 , 
1 : 7 9 , 

y y y y 



if all the components of the argument of v are integers and is zero otherwise. The 
formula in the case \y\ < \xo\ follows from the invariance of /o with respect to the 
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operator A. Here is the resulting formula for /q: 




:r 1X2X3 



)] 



\xo\ < \y\,v{y, 



< i'i-'^)\^o\-'-[l + v{xo,xuX2,X3,^,^,^),^)], \y\<\xo\,v{xo 



3. The space of smooth vectors in the minimal representation 

In this section we take a closer look at the space of smooth vectors in the minimal 
representation. Then we apply the results of this study to derive some information 

on _L(C')-invariant smooth vectors. In the case of exceptional groups most of the 
results proved in 3.1 and 3.2 can be found in section 6 of [11]. 

3.1. Representation of the Levi subgroup and the Lagrangian subvariety. 

Let us look at the action of L on V. We already know how the maximal torus acts 
on V, so it remains to determine the action of the commutator subgroup Gi C L. 

Lemma 3.1.1. Assume that G = and let ao he the unique simple root attached 

to l3o . Then V is the fundamental representation of Gi corresponding to ao . In 
the case G = D^, k > 5, we have a decomposition Gi = SL2 x S0(2fc — 4). Then 
V is the tensor product of the standard representation of SL2 with the standard 
representation of S0{2k — 4). 

Proof This follows from the fact that (70 ,a)=0 for all simple roots a that are 
not attached to (5q while (70, a) = 1 for simple roots attached to (5q. □ 

Let us denote by Q-y^ C L the stabilizer subgroup of the line spanned by e-y^. 

Lemma 3.1.2. The group Pi = Q^^ n Gi is a parabolic subgroup in G\ containing 
BnGi. In the case G = Ek, it is the maximal parabolic corresponding to the simple 

root a.Q. In the case G = Dk we have Gi = SL2 x S0(2fc — 4) and Pi is the product 
of the Borel subgroup B fl SL2 C SL2 with the stabilizer subgroup of the line spanned 
by the highest weight vector in the standard representation o/SO(2fc — 4). 

For every algebraic group F over F we denote by X{T) the group of algebraic 
homomorphisms F — > (defined over F). 

Lemma 3.1.3. Let T <z G be the maximal torus, Tq cT be the maximal torus of 
Gq. The natural homomorphism 



is surjective. Similar statement is true for the algebraic homomorphism T — > 
Qio/lQio'Qio]- '^^^ image of the induced embedding X{Qj^) X{T) consists 
of all characters of T that are trivial on Tq. Same statements hold for Qpa, the 
stabilizer subgroup of the line spanned by e/Sg . 

Proof We have a decomposition of Q^^^, (F) into a semi-direct product of the normal 
subgroup Pi{F) = (570 l~l Gi{F) and the one-dimensional torus (3q{F*). Therefore, 
we have an exact sequence 



otherwise. 



T{F)^Q^,{F)/[Q^,iF),Q,„iF)] 



O^Pi(F)/[Q^„(F),Pi 



(F)] Q,,{F)/[Q^,{F),Q,,{F)] ^ F* ^ 
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which has a spHtting induced by /3g . It remains to observe that 

P,{F)/[P,{F),P,{F)] = L,{F)/Go{F) = T,{F)/To{F), 

where Li c Pi is the Levi subgroup, T, = T n G,. Hence, the natural map 

Tr{F)/To{F) ^ P,{F)/[Q^,iF),P,{F)] 

is an isomorphism, which impUes the first statement. Similar argument works for 
algebraic characters. Finally, is conjugate to Q-y^ by the action of the longest 
element of the Weyl group of Gi, so we obtain the same results for QjSg. □ 

Note that in the case G = E/. the lattice ker(X(T) — > X{Tq)) is spanned by ui 
and po, while in the case G = £>/s. A; > 5, it is spanned by ui, (3o and (ai + u})/2. 
Let us define the subvariety G C ^ by setting G = Le^g. 

Proposition 3.1.4. (i) C is a Lagrangian subvariety invariant with respect to the 
involution * :V ^ V . 

(a) Gu{0} coincides with the closure of the graph of the birational map grad(^) : 
A — !■ A', where we identify A' with the dual of A by the map X' i— > E{-, A') (E is the 

symplectic form on V ). 

Proof, (i) Since the symplectic form on V is L-invariant, it suffices to check that 
the tangent space to G a± e^^ is a Lagrangian subspace of V. But this tangent 
space Te^^^C is spanned by Cfj^ and by the basis vectors of the form e^g+Q, where a 
belongs to the root system generated by A \ {/Jq}- Therefore, T^,^^ C coincides with 
A. The involution * corresponds to the action of the longest element of the Weyl 
group of L, hence G is invariant with respect to it. 

(ii) Since both varieties in question are irreducible and have dimension n + 1, it 
suffices to check that the graph T of grad(^) is i-invariant. The invariance of T 
with respect to the action of the Borel subgroup B C L follows from Lemmas 1.1.4 
and 1.1.5. The fact that *(r) = F follows from the equality 

grad(//.To) o grad(//a;o) = id, 

where we identify A with A' using the involution * : V ^ V. This equality follows 
easily from Lemma 3.1.5 below. □ 

Lemma 3.1.5. The action of the Levi subgroup Li C Pi preserves the subspaces 
(c/jo) cAcV. The induced action of Li on variables A/(e/3o) prehomogeneous 
(i.e., has an open orbit) and the cubic form I is a relative invariant for this action. 
Let us identify A/(e^o) with A'/{ejg) using the involution * (these spaces are also 
naturally dual to each other). Then one has 

grad7(grad7(a;)) = I{x)x, 

I{gmdI{x))=I{xf 

forxe A/(e/3o). 

Proof. In fact, these prehomogeneous spaces are well-known. For G = Eq this is 
(a subgroup of) GL3 x GL3 acting on 3 x 3-matrices by left multiplication, and our 
cubic form coincides with the determinant. For G = E^ we will have Li = GLg 
acting on 6 X 6 skew-symmetric matrices and / is the PfafFian. Finally, for G = E^, 
we will have Li = Eq x acting on the irreducible 27-dimensional representation 
of Eq and / coincides with the standard cubic form on this representation (see [14]). 
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The identities for grad I are well-known in the theory of irreducible prehomogeneous 
spaces (see [12]). 

For G = Dkwe have / = xiQ{x2, ... , a;„), where Q is a non-degenerate quadratic 
form, so these identities are easy to check directly. □ 

Let us define the twisted action of L on V by the formula 

g *v = uj(gy^gv. 

Lemma 3.1.6. The twisted action of L{F) on C{F) is transitive. 

Proof. The similar statement over F is clear, so it suffices to prove that the kernel 
(=the preimage of the trivial class) of the natural map H^{F,S) H^{F,L) is 
trivial, where S = is the stabilizer subgroup of e^„ € C{F) (with respect to the 
twisted action). Since Q^g = S^^ x w^^(G„i), we have H^{F,S^q) ~ H^{F,Q^^). 
On the other hand, Q^^ is a semi-direct product of the normal subgroup Pi and 
/3^((G™), so H^{F,Q./„) ~ iJi(F,Pi) ~ H^{F,Li). Furthermore, since Li is a 
semi-direct product of Go and an P-spht torus, we have H^{F,Li) ~ H^{F,Go)- 
In the case G = Ef. the set H^{F,Gq) is trivial. On the other hand, in the case 
G = Dk the map H'^{F, Go) H^{F, Gi) ~ H^{F, L) is an isomorphism. □ 

Let us denote by A" the open subset of A consisting of elements with .tq 7^ 0. 
By Proposition 3.1.4(ii) the projection C Ci (A° x A') — *• A° is an isomorphism, so 
we can identify A° with an open subset in C. 

Let U C B C L he the unipotcnt radical of B, and let (3q {Gm) C B he the 
one-dimensional subtorus corresponding to /3o. It is easy to see that 

A° = (/3o^(G„0C/)*e/3o- 
We are going to construct a subvariety X C P^{Gm)U, such that the natural map 
X — > A° : X 1-^ X * e/3(, is an isomorphism. Let Sfi„ d Lhc the stabilizer subgroup of 
C/Jq G C{F) with respect to the twisted action of L: Sfj„ ^ {g E L : g * e^^ = e^^}. 
It is easy to see that the intersection Sp^^ fl (3q {GmW is contained in U. More 
precisely, we have 

% n up^iGm) = Si3,nu = Qi},nu = Pf n u, 

where Qp^ he the stabilizer of the lino spanned by ep„, C Gi is the opposite 
subgroup to the maximal parabolic Pi (see Lemma 3.1.2). Therefore, it suffices 
to find a subvariety Xq d U such that the projection Xq — > U/P^ fl f/ is an 
isomorphism (then we can set X = f3Q {Gm)Xo)- But 

Pf n f/ = Li n [/ = Go n f/, 

where Go C Gi is the semisimple subgroup corresponding to simple roots which 
are not attached to Pq. Let us denote by $1 C $ the root system of Gi and let 
El c $1 be the set of roots in $1 which have a positive coefficient with some simple 
root attached to (3q. Then we can set 

Xo= Yl e„(P) C U. 

Now the subvariety X = /3q ((Gm)-^o C L projects isomorphically to A° by the 
twisted action of L on e^^. Thus, there is a unique map 

£7 : A° ^ X (3.1) 
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such that 
for all w G A°. 



3.2. Minimal representation and the L(i^)-equivariant line bundle on C(F'). 
Recall that we denote by R the space of smooth vectors in the minimal repre- 
sentation of G{F). Let us denote by i?' C i? the subspace consisting of locally 
constant fimctions with compact support in F* x (sec Lemma 1.1.2). It is 

clear that the subgroup Z{H){F) = ei^{F) C G{F) acts trivially on the quotient 
R/R'. Therefore, the space R/R' is a representation of the semi-direct product of 
V{F) = H{F)/Z{H){F) and L{F). In this section wc construct an L{F) k V{F)- 
equivariant map from R/R' to the space of locally constant sections of certain 
L(F)-equivariant line bundle over C{F) c V{F). Later we will show that in fact 
R/R' coincides with coinvariants of Z{H){F) on R and that the constructed map 
is an embedding (see Proposition 6.1.1). 

For every non-zero vector v G V let us consider the linear map ly : V{F) — » F 
given by ly{x) = E{v,x), and extend it to a homomorphism : H{F) F, trivial 
on Z{H){F). To understand the spectrum of the action of V{F) on R/R' we have 
to compute the (twisted) spaces of coinvariants 

R{v) := Rh,u = R/{hf - ij{lv{h))f, h G H{F), f € R} 

for all V ^ 0. 

Let f{y, xo, x) be an element of R. We claim that for fixed xq G F* and x G F"^, 
the expression i'{^^)f{y,XQ,x) stabilizes as y tends to 0. Indeed, applying the 
operator A we see that our claim is equivalent to the statement that for ^ the 
expression f(y,xo,x) stabilizes as xq tends to 0. But this follows from invariance 
of / with respect to 6/3^(71™©) for sufficiently large m. 

Recall that we denoted by A" the open subset of A consisting of elements with 
a;o 7^ 0. Let us define a map R — > C(A'^(F)) : / 1— > / by setting 

J{xo, x) = hm V(— )/(2/, xo, x). (3.2) 

y^o xoy 

Lemma 3.2.1. One has the following identities 



Ti(«)/ = -ip{eiaxi)f, 
d{I/xo). 



eft (a)./ = '*/'(-a— ^ )/, 

ox^ 

where a G F. Also, for t in the m,aximal torus we have 

tf{xo,... ,Xn) = \5{t)\ij{-Joit)xo, . . . ,'yn{t)Xn), 

where the character S was defined in Lemma 1.1.6. 

Proof. The first three identities follow easily from the explicit formulas for the 
action of the relevant operators on R. The last identity follows from the formula 
for the action of f on i? and from Lemma 1.1.5. □ 

Consider the linear functional /g on R defined by 

/o*(/) = 7(/3o) = 7(1,0) = lim /(y, 1,0). 
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We have 

/o(e.(t)/) = /o*(eft(t)/) = fS{e^At)f) = fSif), 
where i = 0,... ,n, j = 1, . . . ,n, while 

/o(e-yo(*)/)=V'M)/o(/)- 

In other words, /q descends to a functional on the space of coinvariants R{ef3g). 
The following Proposition implies that /q is characterized by this property up to a 
scalar. In the case of exceptional groups it is equivalent to Lemma 6.2 of [11] (in 
the c;asc G = Magaard and Savin impose the additional assumption that the 
residual characteristic of F differs from 2). 

Proposition 3.2.2. (i) The functional /q is not eqv.al to zero, 
(ii) For every v S C{F) the space R{v) is one-dimensional. 
(Hi) For V ^0 such that v ^ C{F), one has R{v) = 0. 

Proof, (i) Let f G R' he the characteristic function of a small compact neighborhood 
of (1, 0, . . . , 0) G i^* X Then f^iAf) ^ 0, hence /g* ^ 0. 

(ii) For every g G L{F) we have ly{Ad{g~^)h) = lui{g)-^gv{h). Hence, the action of g 
induces an isomorphism g : R{v)^R{u){g)~^ gv) = R{g * v). Since by Lemma 3.1.6 
the twisted action of L{V) on C{F) is transitive, it suffices to prove that the space 
i?(e^(j) is one-dimensional. From part (i) we know that /q is a non-zero element of 
i?(e/3(,)*. Now let /* be a functional on R that factors through R{ej3g). Consider 
the functional 

./r(/) = ./*(A/) 

where A is the operator 1.2. Since the simple reflection s^^ preserves with j > 1 
invariant, we obtain 

for all j = 1, . . . ,n. On the other hand, since s^^ switches co and 70, we have the 
relations 

Hence, 

/i*(e7oW/) = /r(/), 

/r(e.(o/) = V'(-t)/r(/)- 

We claim that the latter condition implies that f*{f) depends only on the re- 
striction f'{xo, . . . ,Xn) = f{—l,xo, . . . ,Xn) of / to y = —1. Indeed assume that 
/(—I, xo,. . . , Xn) = 0. We want to prove that /*(/) = 0. Let us write / = /i + /2, 
where fi = /2 = fS\y\>c- c > 0, and Sc denotes the characteristic function 

of a set C. By Lemma 1.1.2, we have /2 G R' . Hence, /i G R. Let us pick to G F* 
such that 'tp{—to) ^ 1. For sufficiently small e we have tp{yto)fi = fi, hence 

h = — rr~n — h = (ew(io) - 



i-V(-to) •' ""i-V(-to) 

This implies that /^(/i) = 0. On the other hand, since /2(— l,xo,... ,.t„) = 0, 
it follows that /a lies in J2teF'Mt) - V'(-i))(-R')> so /i*(/2) = 0. Therefore, 
/r (/) = which proves our claim. Note that /' = /|_ixF'»+i can be an arbitrary 
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locally constant function with compact support in (a;o,... ,a;„) (as follows from 
Lemma 1.1.2(c)). Since of e-y^{t)f = 'tp{€itxi)f we obtain that 

for all i > 0, which implies that /* is proportional to / /(— 1, 0, . . . , 0). It 
follows that /* is proportional to /q . 

(ii) Using the twisted action of L{V) as in the proof of part (i) we can assume 
that xo{v) 7^ 0. Let /* be a functional on R that factors through R{v). The 
same argument as in part (i) shows that /* is proportional to the functional / i— > 
f{xo{v),... ,Xn{v)). Now imposing the conditions /*(e/3,(i)/) = t{j{tE{v,e/3^))f*{f) 
for i = 0, . . . ,n and using Lemma 3.2.1 and Proposition 3.1.4 we immediately see 
that V ^ C{V) should imply that /* = 0. □ 

Recall that Sp„ C L is the stabilizer subgroup of e^^ € C{F) with respect to the 

twisted action of L. 

Corollary 3.2.3. The functional : R ^ C is an eigenvector for the action of 

Let X : SjSg (F) C* be the character defined by the condition 

/o(5-V) = x(5)/o(/) (3.3) 

for all g G S^^ (F), f G R. Using this character we can define an an L(i^)-equivariant 
complex line bundle over C{F), such that its fiber at the point v S C{F) is canon- 

ically identified with v. 

Definition. We define £ to be the L(F)-equivariant line bundle over C{F) corre- 
sponding to the character % of 5/3(,(F): C is the quotient C x L{F)/S0g{F), where 
the (right) action of Sp„{F) on C x L{F) is given by go{z,g) = {x{9o)z, 99o)- The 
projection C — > C{F) is given by (z, g) ^ g * ep^. 

We have a natural identification i?(w)^£|„: an element / £ R{v) corresponds 
to an orbit of {fo{g~^f),g), where g £ L{F) is such that g * ep„ = v. The relation 
(3.3) garantees that this map is well-defined. Under this isomorphism the action of 
L{F) on C is given by the natural operators g : R{v) — » R{g * v), where g G L{F), 
V G C{F) (recall that the action of L{F) on C is compatible with its twisted action 
on C{F)). 

Let us denote by tti, : R ^ R{v) the natural projection. Using the above 
identification, we get an L(F)-equivariant map 

Tes:R^r{C{F),C):f^{v^TrM)), 

where r{C{F), C) is the space of all global sections of C In fact, this map is P{F)- 
equivariant, where H{F) acts on T{C{F), C) through the quotient V{F) and the 
action of f € y{F) on s € T{C{F), C) is given by 

V ■ s{x) = il){E{x, v))s{x). (3.4) 

Indeed, this follows immediately from the properties of the functional /q and from 
the identity E{g * x, gy) = E{x, y) for x,y G V, g G L. 

Below we will compute the character x explicitly (see Lemma 3.2.4). In partic- 
ular, we will see that it is locally constant. Hence, the transition functions for the 
line bundle C are also locally constant. Therefore, it makes sense to talk about 
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locally constant sections of £. Since R consists of smooth vectors, the image of the 
map res is contained in the subspacc of smooth vectors in T{C{F),C) considered 
as a representation of L{F). In particular, the sections res(/) for / e i? are locally 
constant. Also, from Lemma 1.1.2, we obtain that res(/) has bounded support. 

In the next lemma wc compute the character x of S/s^. Recall that in Lemma 
1.1.6 we defined a character 6 : T ^ G^. It is easy to check that 6\to = 1, where 
To C T is the maximal torus of Go- Therefore, using Lemma 3.1.3 we can extend 
(5 to a character of Q^^. 

Lemma 3.2.4. One has 

X(5) = l%)r^ (3.5) 

where g G S'/3„ (F) . 

Proof. By Lemma 3.1.3, the root 70 (considered as a character of the maximal torus) 
extends to the character 70 : Q/}^ — > Gm, such that S^^ = ker 70. Furthermore, since 
(70, Po) = —1, the group Qp„ is the direct product of Sf)„ and Z{L) — cj^^(Gm). 

Set T' = TllSjSQ, so that T' is the kernel of the character 70 : T — > G^. We claim 
that every character of S/}g{F) is determined by its restriction to T'{F). Indeed, 
composing a character ^ : Sf3g{F) —>■ C* with the projector Q/Jq — > S^^, along Z{L), 
we get a character Ji of Qi3q{F). Assuming that ij.\t'{f) = 1 we get Ii\t'(f) = 1- 
On the other hand, Ji is trivial on Z{L){F). Since T is the direct product of T' 
and Z{L), we obtain that J1\t(f) = 1- Now Lemma 3.1.3 implies that Ji = 1, hence 
fj, = 1. This proves our claim. 

Therefore, it suffices to check the equality (3.5) for g G T'{F). But in this case 
it follows from the explicit formula for the action of T{F) on R. □ 

Remark. In the case G = Ek the character 6 of Sp^ is the restriction of the 
character 2(s + l)a; of L where s = 1,2,4 for k = 6,7,8 (see Lemma 1.1.6). It 
follows that in this case the line bundle C has a canonical trivialization (however, 
the L-equivariant structure is twisted). In the case G = D4 we have a similar 
situation, since 6 coincides with the restriction of 2a;. However, in the case G = Dk 
with fc > 5, the character 5 of does not extend to a character of L, so we cannot 
trivialize C. 

3.3. Trivialization over an open part. In this section we consider a trivializa- 
tion of £ over an open subset A°(F) c C{F), under which the natural map 

res : ^ T{C{F), C) T{A°{F),C) 

gets identified with the map f ^ f given by (3.2). Namely, let ct : A*^ — > X C 

/?o'(Gm)t^ be the map (3.1). Then for every v € hP the action of a{v) defines an 
isomorphism R{ei3f^y^R{v) (recall that a{v) * C/Jq = v). Since /q identifies R{ei3fj) 
with C, we get a trivialization of jC over A°. We claim that under this trivialization, 
the section res / corresponds to the function / on A°. Here is the precise statement. 

Proposition 3.3.1. For every f € R and v € one has 
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Proof. Let us write g = a{v) = tu, where t € /3q (F*), u € U. By the definition we 
have g* e/}g = ui{t)~^ge0g = v. On the other hand, 

Note that 

n 

(/3o,<5) = (/3o,a;) + ^(/3o,7o>=0 

i=0 

since {Pq.uo) = 1, (/3o,7o) = ~1 and {(io,^i) = for i > 1. Therefore, 5{t) = 1. 
Also, by Lemma 1.1.4, wc have 

9 = ^ (A ^ \ " -' (^«e/3j. 

Substituting this into the above expression we get 

y^o y y^o i^\t)y 

Using Lemma 1.1.5, it is easy to see that this hmit is equal to f{ijj{t)~^gejj^^) = 

7{v). □ 



Corollary 3.3.2. Assume that G = Ek (resp. G = D4). Then for every f E R the 
function |a;o|''~''^/(xo, . . . ,a;„) (resp. |a;o|/(a;o, . . . ,Xn)) extends to a locally constant 
function on C{F) and the action of L{F) on f is compatible with the action ofL{F) 
on ®<C{C{F)) (resp. \w\ <SiC{C{F))), where \u\ is the line bundle of volume 

forms on C(F). 

3.4. I/(C)-invariant vectors. In this section we derive a general form of /, where 
/ e i? is an L(0)-invariant vector. The derivation is based on the study of L{0)- 
invariant sections of the line bundle C over C{F). 

Recall that by Lemma 3.1.6, C{F) can be identified with L{F) / S i3^{F) . There- 
fore, every global section $ of £ can be described by the function 

^{9) = fS{9-'H9*e0,)) (3.6) 

on L{F), where /g is the functional on £|o = R{ei3„) considered in section 3.2. Now 
we are going to use the Iwasawa decomposition 

L{F) = L{0)Qp,{F) = L{O)u;l{F*)S0,{F). 

Lemma 3.4.1. Let $ he an L{0) -invariant global section of C. Then there exists 
a function ^'z on Z such that 

^iku;l{a)go) = |<5(5o)r ^*z(«(a)), 

where ^' is the function on L{F) given by (3.6), k G L{0), a S F* , go G Sf3g{F). 

Proof. Lemma 3.2.4 implies that 

*(.9.9o) |(5(,go)r5^(,9) 

for go G SiSq{F). On the other hand, the condition of L(C)-invariance of $ is 
equivalent to the condition ^{kg) = ^{g) for k € L{0). Therefore, 

^{k.^l{a)go) = \5{go)\-'^^{u:l{a)). 
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It remains to notice that ^'(a;^^(a)) depends only on \a\ (by L(C')-invariance of 



Proposition 3.4.2. Let f G R be an L[0) -invariant vector. Then there exists a 
function fz on Z such that 

J{x) = c{x)fw.{v{x)), 
where x € C{F), the function c{x) is given by 

, {\x^\-'-\ G = Ek, 

\|xorlmax(l,|fJ|)'=-^ G = Dk, 

where s = 1,2,4 for G = Eq,Et, Es- 

Proof. Let $ = res(/) be the L(0)-invariant global section of C obtained from / 
by the construction of section 3.2. According to Proposition 3.3.1, the function / 
coincides with the function on A" obtained from $ by the trivialization of C\ao. 
More precisely, for x = {xq, . . . , a;„) G A° we have 

7(x) = f*{a{xr'Mx)) = *(a(x)), (3.7) 

where ^' is given by (3.6). Let us denote g = a{x), so that x = g * e^^. Applying 
the Iwasawa decomposition we can write g = kt'go, where k G L{0), t' = ^^^(a) 
for some a G F* , go E Sf^Sg. Moreover, we can assume that k G Gi{0). Indeed, we 
can write k = k'l3^{c), where k' €Gi{0), ce F*. But 

/3^{c)=u;l{c-')-{u^l+nic), 
and {ui^^ + (3^){(Grn) C 8/3^. Applying Lemma 3.4.1, we can rewrite (3.7) as 

7(:r) = |%o)|-^*z(^(a)). 

It remains to find \a\ and |(5((7o)| in terms of the vector x. Since the action of L{0) 
on V preserves the norm, we have \x\ = \t' * 6/3^] = \a\~^, so \a\ = \x\~^. Finding 
S{go) requires some more work. 

Recall that by the definition, g = a{x) has form g = ut, where t = /Jq (^) for 
some b & F*, u G HaeEi ^a{F)- Therefore, we have 

xo = xo{ut * e/3j = 7^^(t) = b. 

On the other hand, applying the character w : L{F) F* to the equality g = ut = 
kt'go, we get 

^^(.90) = ^ = Xo • \xf. 

In the case G = Ek this finishes the proof: since S = 2(s + l)^, the function 
X 1^(30)1"^ has the required form. In the case G = D). we need in addition to 
compute |Q!i(go)|7 where ai is considered as a character of Qp^. Since Lo{t' go) = b, 
we can write t'go = g't, where g' & G\C\ Qfj^. Then we have the equality u = kg' 
in G\. Let us denote elements of G\ = SL2 x S0(2fc — 4) as pairs h = (/ii,/i2), 
where hi G SL2, /12 G S0(2fc — 4). Then wc have ui = kig'i, U2 = ^2.92- Recall that 
V = Vi(S> V2, where Vi and V2 are standard representations of SL2 and S0(2fc — 4). 
Let (e_i, ei) be the standard basis of Vi, and let ^ be the lowest weight vector in 
the standard basis of V2. Then e^^ = e_i (8> ^, Cjs^ = ei (8) ^. Together with the 
equality 

Xq^x = uepa = uic-i U2C 
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this implies that 
On the other hand, ui — kig[, so 



uie-i\ = niax(l, | — |). 



\uie-i\ = \g[e-i\ = 1 ^ 

Therefore, 

K(5')l = K(5l)l = max(l,|^|)-2. 

Xo 

It remains to apply ai to the equality t'go = g't to deduce that 
|ai(5o)| = \b-'a,{g')\ = \xo\-' ■ max(l, \^\)-^ 

Xo 

Hence, 



l%o)|-^ = H9o)\^\ai{go)\^ = \xo\-' ms^il,}-])'-" ■ \x\-''+' . 

Xo 



□ 



3.5. Twisted Ccise. This section will be used only for global considerations in part 
II. 

Let R,p be a twisted realization of the minimal representation associated with 
a non-trivial character ip : F ^ C* (see 1.2). Then we still have a unique (up to 
constant) P(F)-equivariant map 

R^^V{C{F),C)^ (3.8) 

where H{Ky) acts on sections of Cy by the formula (3.4). 

Let ip{t) = tpoiat), where a G F* and tpo is of order and let R be the standard 
realization of the minimal representation associated with i/jq. We have a G{F)- 
equivalence R ~> i?^ : / f{ay,axo, . . . ,aa;„). On the other hand, the action of 
u)'^^{a~^) G Z{L){F) gives an equivalence of P(F)-representations T{C{F),C)^g — > 
r(C(F),£)^. We can normalize the map (3.8) above by requiring the following 
diagram to be commutative (the normalized map is denoted by res^): 

R *" -Rii 

res^ (3.9) 



res 



T{CiF),C)^„ T{C{F),£)^ 

Equivalently, for every / G i?^, we have 

Tes^{f ){a-^ep„) = lim /(y, 0) • (a)(1), 

where the map a;^^^(a) : Cvle/s^ Cv\a-^e^3g given by L(P)-equivariant structure 
on C, the element 1 € ^e^^ corresponds to the canonical trivialization of ^e^^ ■ 
Let us compute res^(/)(e/3Q) for / G Ry. For every s G r(C(F),£) we have 
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Applying this to s = res^(/) and using the L(-F)-equivariance of res^ we get 

'^Poi(^){'^'is^if)ief3o)) = i"es^('^X(a)/)(a^^e/3o) = 

^in{ivl{a)f){y,a-\0) • u;^ (a)(1) = \a\^ 1™ /(a^y, 1,0) • (a)(1). 
Hence, 

res^(/)(e/3o) = Wl"^ lim /(y, 1, 0). (3.10) 

j/->0 

4. Action of the affine Hecke algebra 

4.1. Lusztig's representation. It is known (sec [13]) that the representation of 
G{F) on the space R is equivalent to the spherical representation J(xsr) with 
the Satake parameter Xsr corresponding to the subregular unipotent orbit in the 
Langlands dual group ^G. 

Let / C G{F) be the Iwahori subgroup. Then is a representation of the 
affine Hecke algebra H of 7-biinvariant compactly supported functions on G{F). It 
is equivalent to the representation of H on JixsrY which was described by Lusztig 
in [10]. Below we are going to recall some details of this description. 

Let A = A U {— w} be the set of vertices of the affine Dynkin diagram of G 
(thought of as roots of G). Recall that H is generated by elements {Ta,a G A) 
with the defining relations 

TaT/s = T/sTa if (a, /3) = 0, 
ToiTpTa = TpTaTfi if (a,/3) = -1, 
(r«-g)(T„ + l) = 0. ^ 

Lusztig has shown in [10] that the representation of H on J{xsrY is equivalent to 
the representation of H on the space 

given by the formulas 

{— e/3 if a = /?, 

qep + q^ea if {a, (3) = -1, 

qe/s if (a,/3) = 0. 

The important part of the work [10] is the study of the action of Bernstein's 
elements in H on E. Recall that for every simple root a € A one defines an 

element T" G _ff as the characteristic function of the double cosct Iuj'^{tt)I C 
G{F), where tt G O is a uniformizer. It is known that these elements commute 
between themselves. One can also describe some commutation relations between 
the elements T„ and T^. We will only need the following simple relation: 

T^T^^ = TI^T^ if a{uj}) = 0. (4.1) 

Lusztig describes an explicit basis in E with respect to which the action of 
the elements T" is almost diagonal. More precisely, let ab be the simple root 
corresponding to the branch point of the Dynkin diagram of G (recall that G is 
assumed to be either of type D or of type E). Then according to Theorem 4.7 of 
[10], the action of T" on E is semisimple for all a ^ Ub- To describe the eigenvalues 
of T" computed in loc. cit. we need to introduce some notation. For every a, /? G A 
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one defines an integer A(a, /3) using the following procedure. First we define the 
homomorphism A;, : P — > 5Z, where P is the coweight lattice by its values on simple 
coroots: 

1, a ^ ab, 
0, a = ab- 



Next we set 



A(a6,/?) = A(,(a;^). 
Finally, for every a 7^ a f, we define 

\(ab, (3) — d{ab,l3), if (3 belongs to the geodesic from ab to a, 

X(ab,/3), otherwise. 



A(a,/3) 



where d{ab, fi) is the distance between the vertices ab and /3 on the Dynkin diagram. 
Let p denotes the half-sum of all positive roots of G. Then the part of Theorem 
4.7 of [10] that we need can be summarized as follows. 

Theorem 4.1.1. For every /3 G A the eigenvalues of q~P^'^fi^T^ acting on E are 
{q^^°''^\a e A), where q^'-°'i>,0) ig taken twice. For P ^ ab the action ofT^ on E 
is semisimple. 

Corollary 4.1.2. For G = E^ the eigenvalues of T^^" acting on E are 

with multiplicity 2 and (j|2(n+i)-2s ^^^^ multiplicity k — 1 (where n = 6s + 3). For 

G = Dk these eigenvalues are ^^(n+i) q,^^ q2{n+i)+4-k ^^/jg^g n = 2k — 5). For 
G^ D4 the action of on E is semisimple. 

Proof. This follows from the above Theorem and from the equality p{ijJ^g) = n + 
2. □ 



4.2. The form of the spherical vector. In this section we are going to combine 
the above information on with Proposition 3.4.2 to derive the specific form of 
the spherical vector in the standard representation (with two unknown constants). 

First of all, wc claim that the spherical vector fo € R is uniquely determined by 
/o. Indeed, we have 

fo{y,xo,x) = '>p{-^^)fo{xo,x,grad{^^)), 
xoy Xo 

provided ^ and |y| < |a:;o|. Since /o is also invariant with respect to the 
operator A, we obtain that /o can be uniquely recovered from /q. Therefore, in 
order to find the spherical vector /o it suffices to determine /q. Let us normalize 
/o by the condition /o(l, 0, . . . , 0) = 1. 

Theorem 4.2.1. For G = Ek, one has 

fo{v) = \xo\ ■ ■ dc(o), 

for some a G C For G = Dk with k >5 one has 

fo{v) = \xQ\ ^max(l, — )'= * 5c[o) 

xq 1 + a ^ ' 

for some a G C. In both these formulas v is an element of IsP{F). 
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Proof. Let us consider the action of the double coset = Izl on i?^, where 
z = a;^^(7r). We claim that for every f € one has 

Indeed, by Lemma 3.2.1, we have 

zfiv) = q ^fiirv). 

Consider the decomposition / = H{0)B{0)U~ {nO), where U~ C G is the sub- 
group spanned by one-parametric subgroups corresponding to negative roots. Since 

z commutes with B{0) and U~{nO)z C zU~{nO), wc get Izl = H{0)zl. More 
precisely, for h € H{0) we have hzl = zl if and only if /i e if' C H{0), where 

H' = e^(7r2(!?) ]Je0,(7rO)e^,(7rC). 

i 

When defining the action of on we normalize the measure on I in such a 
way that vol(/) = 1. Hence, 

heH{0)/H' 

Recalling the explicit formulas for the action of II{0) and z on C(A°(F)) we obtain 

v'ev{0)/v{-wO) 

(note that since / is (0)-invariant, / is supported on C(0), so this sum is well- 
defined). Since sums over v' are zero unless v € C'{0) wc get the required formula. 
According to Corollary 4.1.2 acts on R^ semisimply with eigenvalues 

and g2(n+l)-2s ^j^g gg^gg Q _ j^^^ resp. ^^(n+l) g^j^j ^2(n+l)+4-fe ^j^g g^gg 

G = Dk, k > 5. Furthermore, since a(a;^^) = for every simple root a ^ /3o, by 
(4.1) the action of T'^" on R^ commutes with the action of the finite Hecke algebra 
associated with Gi . It follows that preserves the subspace in R^ consisting of 
L(C')-invariant vectors. 

Let us consider the case G = Ek- Then we can write the spherical vector in the 
form /o = /i + /2, where /, are i(0)-invariant vectors and T^°/i = qi2(n+i)-is j-. 
for i = 1,2. Therefore, 

^2(„+2)-^;^(^„) . ^^^^^(^^ ^ 

where i = 1, 2. Now we observe that for every w G C there is a unique (up to scalar 
factor) function on C{F) supported on C(C), such that 0„(i') depends only on 
\v\ and 

(l)u{i^v) ■ 5c{o){v) = q''^4>a{v), 
namely, <i)u{v) = |?;|" ■ Sc{o)- Applying Proposition 3.4.2 (and the fact that n = 
6s-|-3), we deduce that the function |xo|*^^/o is a linear combination of the constant 
function Sc(o) and of \v\~^dc(o)- Looking at the explicit description of the Hecke 
algebra representation R^ one can observe that all the coefficients of this linear 
combination are non-zero. Similar argument works in the case of G = Dk. □ 
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5. Fourier transform over finite field 



In this section we determine the constant a from Theorem 4.2.1. Note that for 
every I > the function /o(7r', a;o, . . . ,Xn) is supported on the set where Xi € O 
and depends only on Xq,--- ,Xn modulo tt'. Therefore, we can consider it as a 
function f^i on (0/7r'C')"+^. Now the invariance of /o with respect to the operator 
S implies that f^i is self-dual with respect to the finite Fourier transform defined 
by 

a:'e(0/7r'C>)"+i 

This equality imposes linear equations on the constant a. Solving them we can find 
this constant. More precisely, we will determine a from the condition J^wifw) = fv 
Note that for |a;o| = 1 we have 

f„i{xo,... ,Xn) = V^"'' )- 

In fact, for Z = 1 the function is the unique Fourier self-dual extension of 
to [O / ttO)^^^ . For Z > 1 the Fourier self-dual extension of is not neces- 

sarily unique. However, if we already know functions /^fc for k < I, then we can 
characterize /^i uniquely as a Fourier self-dual function on (C'/7r'C')"+^, such that 
for every k, < k < I, one has 

/^((M7r'',.Ti, . . . ,x„) = ' , ' ; ^"-^ )f^k (0, xi, . . . ,x„), 

where m G O*, xi, . . . , a;„ G O/tt'C 

We conjecture that the functions /^i are obtained from the Goresky-MacPherson 
extensions of the perverse sheaves over finite field corresponding to functions V'(— ) • 

5.1. Case of G — E/,. According to Theorem 4.2.1 we have the following formula 
for the function on {O / TrO)'^+'^ : 



^0, otherwise, 
where we denote x = {xi, . . . ,Xn)- Now from the equations 

;p^(/^)(i,o,... ,o) = /,(i,o,... ,o) = i. 



J^Mn){0,... ,0) = /,(0,... ,0) = q 



,+1 l + aq" 



1 + a 
we get 



XoTT TT (5 2 

y ^^JM)+qS+i card{:c ^ : /^(x) = 0}+g^+i-^-^ = g3«+2.g«+i.l±^ 
4^^^a;o7r^ '•^ 1-Fo H-a 
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(we used the equality n = 6s + 3). Taking the difference, we obtain the following 
equation for a: 

3.+2( «+i . 1+^ _ 1) ^ y ^(-^)- y ^(-M + ^). 

1 + a ^ xott' ^ xqtt tt' 

Now we observe that for z ^ we have 

(7o,/3i) = (w,A)-(/3o,A) = 0, 

hence by Lemma 1.1.5, 

I{I3'^{xq)x) = xqI{x). 
Therefore, making the change of variables (a;o,a;) {xq, (3^ {xo)x), we get 

y ^^JM + ^)= y ^(_M + ^) = _y^(_M) = 



-^y 



(in the last equality we used the same change of variables again). On the other 

hand, 

y ^(-M)= y ^(-^i^) = 

(g - 1) • card{a; : I{x) = 0} - card{a; : /(x) ^0} = {q- l)g6«+3 _ ^ . card{a; : I{x) ^ 0}. 
Hence, we can rewrite the RHS of (5.3) as 

(1 + A) E V'(-^)=g^'^+^--^-card{x:/(x)^0}. 

g-l'^ TT g-1 

It remains to compute the cardinality of the set U = {x E (O/ttO)" : I{x) ^ 0}. 
In the case G = Eq, this is the set of invertible 3 x 3-matrices with coefficients in 
O/ttO. Hence, in this case 

cardf/ = (g3 - l){q'^ - l){q - l)q^. 

For G = Er, U is the set of non-degenerate skew-symmetric 6 x 6-matrices with 
coefficients in O/nO, so 

_ cardGLe(0A0) _ (g^ - 1) . . . (g - l)g^^ _ 
"^^'"^^ - cardSp6(OAO) " (q^ - l){q^ - l){q^ - l)q^ ~ ^'^'^ ^^^^ ^''^ ' 

Finally, for G = Eg, U is the orbit of (G^ x Eq){0/t:0), and the stabilizer is 
Fi{0/-KO), so in this case 

card(G™ x Eq){0/iiO) 



'''^''^'^ - cardF4(OAO) 

{q - l)(gl2 _ l)(g9 _ 1)(,8 _ 1)(56 _ i)(^5 _ i)(g2 _ 1)^36 ^ _ ^^^^^ _ ^^^^ _ ^^^^^^ 



(^12 _l)(g8_l)(g6_l)(^2_ 1)^24 

where we used the formula for the number of elements of finite Chevalley groups 
from [15], §9. In all cases, the equation (5.3) reduces to 

1 + a 
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which impHes that a = —q^ . 

Note that the formula for card U can be written uniformly as 

card{a; G : I{x) 7^ 0} = q^\q'^'+^ - l){q'+^ - l){q - 1). (5.4) 

On the other hand, the above equations imply that 

^ Xq-K TT 

Substituting this into equation (5.2) with a = —q^ we deduce the following formula: 
card{a; e : a; 7^ 0, 1'^ix) = 0} = {q'^'+^ - l){q^' + q' + 1). (5.5) 
We will need the formulas (5.4) and (5.5) later in some global calculations. 

5.2. Case of G = Dk, k > 5. Recall that in the case G = Dk we have I{xi, . . . , Xn) - 
XiQ{x), where Q is a non-degenerate quadratic form in x = (x2, . . . ,Xn) (where 
n = 2k — 5). From Theorem 4.2.1 we get the following formula for fj^: 

q'' ^, Xo = 0, xi 7^ 0, a; = 0, 

q, xo = xi = 0,Q{x) = 0,x ^ 0, (5.6) 

a-^^S-, xo=xi=0,x = 

0, otherwise. 

Prom the equation J^Tr{f-K)0-, 0, . . . , 0) = 1 we obtain 

V ,/ xiQjx) , xo\, 

qk-3^q - 1) + gcard{a; ^ : Q{x) = 0} + q ■ = q''-^. 

Making the change of variables xi xiXq we can rewrite the first sum in the LHS 
as 



U{xo,xi,x) 



J2 ^(-^ + ^) = - E ^(-^) = -1 ■ card{. : Q(.) = 0}. 

xo7^0,xi,x xi,x 

Hence, the equation (5.7) is equivalent to 



1 + a 

or equivalently, 

1 + 

= l + q 



1 + a 

Therefore, a = —q^~^. 



6. Structure of the minimal representation revisited 

In this section we apply our techniques to obtain a complete description of the 

space of smooth vectors in the minimal representation. In the case of series Ek the 
main results of this section. Theorems 6.1.1 and 6.2.2, were proven by Magaard and 
Savin in [11]. 
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6.1. Z(iJ)(F)-coinvariants and the line bundle on C{F). Recall that we de- 
note hy R' C R the subspace of locally constant functions with compact support 
contained in {y ^ 0}. Let Rq be the space of .Z(/f)(i^)-coinvariants on R. We have 
a natural surjective map Rq — * R/R'. 

Theorem 6.1.1. Assume that G ^ D4. Then the natural map Rq — ^ R/R is 
an isomorphism and the map res : Rq — > T{C{F),£) constructed in 3.2, is an 
embedding. 

Proof. Let us denote by S{C{F), C) C T{C{F), C) the subspace of locally constant 
sections with compact support in C{F). Then the composition of the map res : 
R T{C{F), C) with the projection r(C(F), C) T{C{F), £)/S{C{F), C) factors 
through the coinvariants of H{F) in R. Thus, we get the following commutative 
diagram of L(F)-representations 

res 

R r(c(F),/:) 



(6.1) 



res 

J{R) T{C{F),C)/S{C{F\C) 



where J{R) denotes the space of coinvariants of H{F) in R (this is the unnormalized 
Jacquet functor of R corresponding to our maximal parabolic subgroup P). 

Assume first that G = En- Then we can use the fact that J{R) is the direct 
sum of two distinct irreducible representations of Gi (F) : the trivial representation 
and the minimal representation (see [13]). We claim that the map res is not zero 
on both these summands. Indeed, as we have seen in the proof of Theorem 4.2.1, 
we can write the spherical vector /o in the form /□ = fi+ f2, such that /i, /2 G R^ 
(where / is the Iwahori subgroup of G(F)), T^o/i = and Tl^^f^ = q^'^'+^h- 

Note that the above decomposition of J{R) as Gi (i^)-module corresponds to the 
decomposition of R^ into eigenspaces of T'^". Therefore, our claim follows from the 
fact that the images of /i and /2 in T{C{F), C) /S{C{F), C) are non-trivial. For 
G = Dk with > 5, J{R) is still the direct sum of the trivial and of the minimal 
representations of G\{F). However, in this case the minimal representation of 
G\{F) is the direct sum of two irreducible representations, namely, the minimal 
representations of the simple factors of Gi. Let us write the spherical vector /□ 
in the form /o = /i + /2 + /a where /j G R^ , i = 1,2,3; /i projects to the 
component of J{R) corresponding to the trivial representation of Gi{F), /2 to 
the minimal representation of Dk-2{F) and /a to the Steinberg representation of 
SL2(F). The Hecke operator T^^" acts on these components as follows: fx = 
q3k-Aj^^ rpfioj^ ^ q'^k-Sf^^ Tf3of^ = q3k-4f^ Similar argument as above shows 

that res(/2) 7^ and res(/i + /s) 7^ 0. To prove that rcs(/i) ^ and res(/3) ^ 
we need to consider the action of the Hecke operator = Izil, where zi = 
LO^^ (tt). Namely, using Theorem 4.7 of [10], it is easy to show that T"i/2 = q^''~^h 
and that /i and /a belong to a 2-dimensionaI subspace (wi,f2) of R^ such that 
T^^vi = q'^^~'^vi, T°'^V2 = q^^~^. Thus, it suffices to prove linear independence 
of res[(T«i - g3fe-5)(y/3o _ g^fe-S)^^^] and res[(T«i - q'^k-2^{T'^o _ q^k-s^fo]. Set 
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/ = (T^° — q'^^ ^)/o- Using the formula for /o we easily get 
7=g''=-1a;o|-imax(l,|^|f-4.<5c(o)- 

We have 

T"^/= h-e„,{t)z,f, 

heH'{0)/H'{wO),teO/-wO 

where H' = e^.(G„i) ■ ejg{Gm) ■ apii'^rn) ■ nj>i "^7; easy computation 
similar to the one in the proof of Theorem 4.2.1 shows that for \xi \ < {nxo \ one has 

while for |a;i| > |a;o| one has 

= q^"-^ ■ Ixol^-" ■ \x,\'-^ ■ Scioy 

Let us denote /' = {T"' - q^''-^')f, f" = (T"i - q^^~^)f. Then for \xi \ < {irxol we 
have 

/ - y-q +q -q +q )\xo\ ■Odo), 

-J7T I 2fe-2 I 2fe-3 2fe-4 I „k\\„ 1-1 e 

J - {-q +q -q +9 )fo| •<5c(o)- 

On the other hand, for |a;i| > |a;o| we have 



/' = 


(- 


.^3fe-5 


+ q^'^-^)\xor''- 


l^il'^ 




F = 


-i- 


_^2fc-2 


+ q^'^-^)\xor' 


•la^il'^- 


■ ^C{0)- 


Since the asymptotics 


of 




and of xo p"'" • 




as x ^ in either of the 



above two regions are linearly independent and the determinant 

\~q +9 ~q +9 j \~q +9 )\^(Ji „2*;-4\/ 3/C-5 „1k-2\ 



det^^^_^2fe-2^^2fc-3_^2fe-4^^/c) (_^2fc-2 ^ ^2fe-3) j - (9 9 il? 9 

is non-zero (recall that k > 5), we deduce that fes(/') and fes(/") are linearly 
independent. 

It follows that in any case the map res is an embedding. Also, it is clear that 
the map 

Ro ^ J{R) © Yl Riv) 
veviF)\o 

is an embedding. This immediately implies that the map res : Rq T{C{F), C) is 
injective. Therefore, the map Ro — * R/R' is also injective. Being surjective it must 
be an isomorphism. □ 

6.2. Structure of Z(iI)(F)-coinvariants. 

Lemma 6.2.1. Every locally constant function with compact support on A^{F) has 

form f for som,e f G R. 

Proof. Let h he a, function with compact support on A'^(F). Set 

'^i-^)H^O,--- ,Xn), \y\<\xo\, 



f{y,xo,... ,Xn) 



xoy ■ 

\y\ > \xo\ 



Then Af has compact support in F* x so by Lemma 1.1.2, Af G R', hence 

f G R. On the other hand, clearly we have h = f. □ 
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Let us denote by rsi„ooth(C(^), -C) the space of locally constant sections of C 
Recall that we denote by S{C{F),jC) c Tsniooth{C{F),C) the subspace of sections 
with compact support in C{F). 

Theorem 6.2.2. Assume that G ^ D4. Then Rq can be identified with an L(F)- 
suhmodule in the space rsmooth(C'(-F')j 'C) containing S{C{F),L). In the case G = 
En we have an exact sequence of L{F) -modules 

^ SiC{F),£) ^Ro^ J{R) = Cd^r+i) ® RgAH^^') ^ 

where i?Gi is the minimal representation of G\, J{R) are convariants of H{F) on 
R. In the case G = Dk with k> 5 there is an exact sequence 

^ S{C{F), C)^Ro^ J{R) = C{\iv\i-^) ® RslM^'^) Rd,_M) ^ 0. 

Proof. Lemma 6.2.1 implies that S{C{F), C) is indeed a submodule of Rq. We claim 
that quotient Rq/S{C{F),C) coincides with the space of coinvariants of V{F) on 
Rq. Indeed, by Lemma 1.1.2(a) for every f € Rq and every linear functional v* 
on V one has ip{v*)f — / S S{C{F), C). On the other hand, it is easy to see that 
there are no coinvariants for the action of V{F) on S{C{F),£). This proves our 
claim. Therefore, the quotient Rq/S(C{F),C) coincides with the Jacquet functor 
of i?, J{R). Now we obtain the required exact sequences (not taking into account 
the action of Z{L)) from the known decomposition of J{R) into irreducible Gi{F)- 
modules (see [13]). The action of the center of Levi on J{R) is determined using 
the information about the action of on R^ and the explicit form of the spherical 
vector /o from Theorem 4.2.1. Indeed, assume for example that G is of type En- 
Then we know that /o = /i + /2, where f\ and f^ are nonzero vectors in R^ 
such that T^°/i = g^^^+Vi and r^°/2 = g^°'*+V2- Furthermore, the function 
is proportional to \xo\~''~^5c{o), while /2 is proportional to \xo\~^~^\v\~^ 5c{o)- 
Considering asymptotics at the vertex of the cone C we obtain that 

Jf,=q-^'-^7, mod S{G{F),£), 

Jf2 = q-'-^72 mod S{G{F),C)- 

Since /i (resp., 72) projects to a non-zero vector in the trivial (resp., non-trivial) 
component of J{R), this proves our claim. The case of the series D is similar. □ 

For every a e F let us denote by Ra the quotient 

Ra = R/{eu>{t)f - i^{at)f\ fGR,t€F} 

(for a = this is just the space of 2'(iJ)(i^)-(;oinvariants considered above). The 
above Theorem can be complemented by the following result. 

Proposition 6.2.3. For a G F* the representation of II{F) on Ra is irreducible. 

Proof. Lemma 1.1.2 implies that the map f{y,xo, . . . ,Xn) f-^ f{a,XQ, . . . ,.t„) in- 
duces an isomorphism of Ra with the space of locally constant functions with con- 
stant support on A{F). Furthermore, the action of II{F) on Ra is compatible with 
the standard Schrodinger representation of II{F) associated with the character 
ip{a-?) on F, which is known to be irreducible. □ 
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7. Archimedian case 



Some of the results described in sections 1-6 have analogues for real and complex 
groups. The minimal unitary representation in these cases is given by the same 
formulas where tp gets replaced by the standard additive character x exp(7ria;) 
for F = R and by 2: i-^ exp(7ri(z + z j) for F = C Note that for every subgroup 
G' C G the ring S{G^{F}) of Schwartz functions on G'{F) (with convolution as a 
product) acts naturally on the space of smooth vectors R. We denote hy (p*v & R 
the result of action of a Schwartz function (p on v € R. By irreducibility of some 
smooth representation of G'{F) we always mean the absence of non-trivial proper 
<S(G'(F))-invariant closed subspaces. 

Of course, when formulating archimedian analogues of our results one should 
replace locally constant functions by C"^-functions. Another important change is 
that one has to impose certain growth conditions when considering functional on 
R. Namely, let G' C G be a subgroup. Then we say that a linear functional 
/* : i? — > C is G' -tempered if for every f G R the functional (p 1-^ f*{'P * f) on 
S{G'{F)) is continuous. This is equivalent to the condition that the functional /* 
is continuous on R with respect to the topology defined by the collection of norms 
11/11" = II^^/IIj where u € U{q') (where q' is the Lie algebra of G'{F)). Dually we 
have to change the notion of twisted coinvariants. The correct replacement for the 
maximal quotient of R on which G'{F) acts by some character x : G'{F) C* is 



where / runs through i?, (p nms through the Schwartz space of G'{F), (S) denotes 
the closure of the span of the set of vectors S. We have to use such quotients 
when defining archimedian analogues of the spaces R{v) and Rq, or the space of 
coinvariants of H{F) on R. Note that if a functional /* is G'-tempered and satisfies 
f*{sv) = x(*)/*(^) for some character x of G'{F) then /* descends to a functional 
on the space Ja'^^{R). 

We refer to [8] for the derivation of the formula for the spherical vector in R in 
the cases F = M or = C. Below we will consider analogues of some of the results 
of sections 1, 3 and 6. 

7.1. Smooth vectors and the iy(F)-equivariant line bundle. Let us start by 
formulating analogues of parts (a) and (b) of Lemma 1.1.2. 

Lemma 7.1.1. (a) For every f € R and every differential operator D in (y, xq, . . . ,x,, 
with constant coefp,cients, one has D{ f) G R. 

(b) For every differential operator D as above and every N one has D{f)\{y, xq,. . . ,Xr 
as \{y,xo,... ,a;„)| ^00. 

Proof. This follows easily from the formula for the spherical vector obtained in 
[8] and from the fact that every smooth vector can be obtained from the spherical 
vector by the action of Z7(p), the universal enveloping algebra of the Lie algebra of 



The following proposition is an analogue of part (c) of Lemma 1.1.2. 

Proposition 7.1.2. Let i?oo denote the space of all C°° -functions f on F* x 
such that D{f)\{y~'^,y,xo, ■ ■ ■ ,Xn)\^ ^ as \{y~'^,y,xo, ■ ■ ■ ,Xn)\ 00 for every 
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P. 



□ 



N > and every differential operator D in {y,xo, ■ ■ ■ , a;„) with constant coefficients. 
Then i?oo is contained in R. 



In the archimedian case the proof is based on the following lemma. 

Lemma 7.1.3. The action of P{F) on Roo is irreducible, i.e., there are no non- 
trivial proper S{P{F)) -invariant closed suhspaces in Roo. 

Proof. Let M be the space of Schwartz functions on For every / G i?oo we 

can consider the restriction f\y=a as an element of M. Furthermore, this defines 
an isomorphism of Roo with the Schwartz space of M- valued functions on F* . Now 
our assertion follows easily from the irreducibility of the Schrodinger representation 
ofif(F). □ 

Proof of Proposition 7.1.2. By Lemma 7.1.3, it suffices to check that Rcc HR is non- 
trivial. To construct a non-zero element in Roo H R we want to pick any non-zero 
f G R and replace it by * /, where </? is a Schwartz function on Z{H){F) = F. 
By the definition, (p* f = ip{y)f, where (p is the Fourier transform of (p. Let t E F* 
be such that /|(xF"+i 0- Pick c > such that c <t < c^^ and then choose (p in 
such a way that (p is supported on the set c < < and (p{t) ^Q. Then ip>* f 
will be a non-zero element in Roo Ci R. □ 

Now let us consider analogues of the results of section 3.2. Using the formula 
for the spherical vector /q and the fact that R = U{p)fo one can easily see that 
the right-hand side of the formula (3.2) is well-defined. Moreover, one can check 
that the functional /o(/) ~ limy f(y, 1,0) is iJ-tcmpcrcd. On the other hand, 
for F = R or C the twisted action of G{F) on C{F) is still transitive as follows 
from the proof of Lemma 8.1.1 below. Now it is easy to see that Proposition 3.2.2 
holds in the archimedian case (the proof should be modified similarly to the proof 
of Proposition 7.2.1 below). 

The definition of the i(F)-equivariant line bundle C over C{F) and of the iden- 
tifications R{v) ~ C\y for V G C'{F) transfers to the archimedian case without any 
changes. As in section 3.2, the natural projections R — > R{v) glue into a map res : 
R — > r(C(F), £). This map factors through the quotient R^ Rq := Jz(h)(f),i{R) 
and its image belongs to the subspace Soo{C{F), C) C T{C{F),C) consisting of 
sections f of C such that for every u G U{1) the section uf{x) is rapidly decreasing 
at infinity (i.e. as \x\ — > oo, where x G C{F) c V), where [ is the Lie algebra of L. 
Indeed, this can be seen from the formula for the spherical vector in R. 



7.2. Twisted coinvariants with respect to Z{H). Now let us formulate an 
archimedian analogue of Proposition 6.2.3. 

Proposition 7.2.1. For every a £ F* the map f{y,xo, . ■ . , a;„) /(a, .tq, . . . ,.t„) 
induces an H{F)-equivariant isomorphism of the space Ra '■= Jz(H),ipa{-^) u'Hh 
the Schrodinger representation of H{F) on the Schwartz space of F^~^^ (here ipa 
is the character of Z{H){F) ~ F given by tpait) = ip{a,t)). In particular, the 
representation of H{F) on Ra is irreducible. 

Proof. In view of Proposition 7.1.2, it suffices to check that every f E R such that 
f{l,Xo, . ■ . ,Xn) = maps to zero under the natural projection R Jz(H),ipai-^)- 
By the definition, the latter space is the quotient of R by the closure of the span 
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of elements of the form 



ip* h — (f{a)h — (p{y)h — (p{a)h 

where h G R, (p is a. Schwartz function on Z{F) = F, is its Fourier transform. 

Therefore, it suffices to check that every f E R such that f{a,XQ, . . . ,a;„) = is 
a hnear combination of elements of the form ip * h — (p{a)h, where h G R, ip is a 
Schwartz function on F. Let (fi be a C°°-function on F such that <^i(a) = 1 and 
ipi{y) = for |y — a| > e for some small e > 0. Replacing / by 

f+{^i*.f- ^i(a)/) = ^i{y)f 

we can assume that /(y, Xq, ■ ■ ■ , a;„) = for \y — a\ > e. Now let us set 

h{y, xo,... , Xn) = f{y, Xq,... , a;„)/ {y - a) for y a. 

Then h extends to a C°"-function and clearly h S R^ C R. Let ip2 be a Schwartz 
function on F such that <P2{y) = y for I?/ — a| < e. Then we have f = (p2 * h — 
<P2{a)h. □ 

We believe that the following analogues of Theorems 6.1.1 and 6.2.2 should also 

hold in the archimcdian case. 

Conjecture 1. If G ^ D4 then the map i?o Sao{C{F),£) is injective. 
Conjecture 2. If G ^ D4 then one has exact sequences as in Theorem 6.2.2, where 

S{C{F), C) C Sco{C{F), C) is the space of sections / such that for every u € U{1) 
the section uf{x) is rapidly decreasing as |x| 00 and as |a;| — » 0. 

D. Barbasch informed us that he checked the required decomposition of J{R) for 
the case of scries Dk- In 9.1 we will assume the validity of the above conjectures 
for the groups Eq, E-j and E^. However, this assumption will not be used anywhere 
else. 

Part II. Global picture 

8. Form of the automorphic functional 

Let if be a global field, G be a simply connected simple split group of type D}. 
or Ek over K. Let A be the ring of adeles, Rf^ = ®vRv the minimal representation 
of G(A) which is the restricted tensor product of the local minimal representations 
Ry with respect to spherical vectors. Below we are going to apply our local results 
to obtain information about (and in some cases determine explicitly) the unique 
G(ii')-invariant tempered functional on The existence of such a functional 

follows from the result of [5] (in the case of this is also proven in [7]). The 
uniqueness (up to proportionality) is an easy consequence of the description of all 
P(ii')-invariant tempered functionals on i?A that we will give below. Note that in 
the case G = Di~ the uniqueness follows also from the work [5], while in the case 
G = Et it was proven in [6] . 

8.1. P(/r)-invariant functionals. Let '0 be a non-trivial character of A, trivial 

on K, and let 1})^ : Ky C* be its local components. For every finite place v we 
can consider the realization of the minimal representation associated with (see 
section 1.2). For an archimedian place v such a realization also exists. Namely, 
one should represent the character ijjy in the form t ^ c-xp{—iTTj^^/^{ayt)) for 
some unique a„ G K* and then conjugate the standard minimal representation of 
G{Ky) (considered in [8]) by the operator f{y, xq, x) i— > f{ayy, UyXo, . . . , a^a;„). In 
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all these local realizations Ry the centers of H{Ky) act by multiplication with the 
characters t i-^ tl^vity)- The restricted product Ra = <8)i?t, can be viewed as a 
subspace of functions of (y, xq, a;i , . . . , a;„), where y is an idele, adeles. 

It is sometimes convenient to extend the numbers defined above for archime- 
dian places to a differential idele a = (ay) attached to </; (sec [17], VII-2, Def.4), so 
that for all finite places v the additive characters 1 1— > ^y{ay^t) are of order 0. 

We are going to study linear functional on Ra that are invariant with respect 
to P{K). This will allow us to determine a general form of the G(i4')-invariant 
functional on Ra- Note that whenever we talk about functional on Ra we mean 
only P-tempered functional and we denote the space of such functional by i?^. 
The simplest P(ii')-invariant P-tempered functional on Ra is 

^i(/)= E f{y,xo,x). 

Indeed, clearly, 9i is invariant with respect to the action of H{K) and of Borel 
subgroup B{K) in L{K). On the other hand, Poincare summation formula shows 
its invariancc with respect to the operator S. It remains to note that L{K) is 
generated by B[K) and by S. The convergence of 9i{f) for / € .Ra is clear in the 
functional field case since only a finite number of terms will be non-zero. In the 
number field case the convergence follows from the fact that every smooth vector 
at archimedian place is obtained from the spherical vector by the action of the 
universal enveloping algebra of P and from the explicit formulas for archimedian 
spherical vectors in [8] (due to the exponential decay at infinity of the relevant 
Bessel functions). Also, since the action of P is given essentially by the formulas of 
Weil representation, the results of [16] imply that the functional 6\ is P-tempered. 

Another P(iir)-invariant functional is obtained by using the theory of section 3.2. 
Recall that for every place v we have an L(if^)-equivariant complex line bundle Cy 
over the cone C{Ky). Namely, we use the identification L{Ky) / S0g{Ky)'^C{Ky) 
given by the (twisted) action on e^g^ € C{Ky) and define to be the line bundle 

corresponding to the character \S\y ^ of Sf3g{Ky). For every v we have a unique (up 
to constant) P(i4r„)-equivariant map res„ : Ry T{C{Ky),Cy) where H{Ky) acts 
on sections of Cy by the rule (3.4). Let us normalize these maps by the condition 

res^(/o,v)(a;7^e/3j =a;^^(a^)(l) 

where /o.t, G Ry are spherical vectors normalized as in section 1.2. This is equivalent 
to the normalization of section 3.5. Note that for all finite places the canonical 
trivializations of Cy at e^^ extend naturally to i(0„)-equivariant trivializations of 
Cy over C{Oy). Therefore, wc can define the L(A)-equivariant line bundle Ca over 
C(A) with the fiber ®yCz„ over z G C(A) (almost all factors of the tensor product 
are trivial). 

Lemma 8.1.1. The action of L{K) on C{K) is transitive. 

Proof. As in Lemma 3.1.6 we see that the statement is equivalent to the trivial- 
ity of the kernel (i.e., the preimagc of the trivial class) of the map H^{K,Gq) 
H^{K,G\). In the case when G is of type or E-j this follows from the trivi- 
ality of H^{K,Go). In the case G = Eg (resp., G = Dk) the map in question is 
H\K,Ee) H^(K,Ey) (resp. H^(K,S02k-&) ^ H^{K,'B02k-i)). In the case of 
series D the assertion follows easily from the theory of quadratic forms. It remains 
to show that the embedding of split simply connected groups Eq — > E-j induces 
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an embedding of the groups H^. By the Hasse principle this is equivalent to the 
similar assertion about groups over R. So let us denote by Eg Ej the standard 
embedding of split simply connected groups over R. Let a be a 1-cocycle of Z/2Z 
with values in Eq representing a non-trivial element in 7J^(]R, Eq) and let Eq C E" 
be the twists of our groups by a. It suffices to prove that Ef is nonsplit. Note 
that since the map H^{R,Eq) H^{R,Eq/A), where A is the center of Eq, is an 
isomorphism, the group Eq is a nonsplit form. Let Z C E^ he the connected com- 
ponent of 1 in the centralizer of Eq in Ej. Then Z is a split l-dimcnsional torus and 
its twist Z" c E-Y is isomorphic to Z. Let G C -E7 be the connected component of 
1 in the centralizer of Z in Et. Then G = Z ■ Eq and = Z ■ Eq is the centralizer 
of Z in E". If E^ were split then G" would contain a split 7-dimensional torus 
which is a contradiction since Eg is nonsplit. □ 

Remark. Our proof generalizes to the case of more general pairs of split groups 
Go — > G over some field k, where Go is the semisimple part of the Levi component 
of a maximal parabolic subgroup in G. The statement is that the induced map 
H^{k,Go) — » H^{k,G) sends elements inducing non-split forms of Go to elements 
inducing non-split forms of G. 

Using the above lemma we can construct a natural trivialization of the line bundle 
£a over C{K) C G(A). Indeed, for every z G C{K) we can choose g e L{K) such 
that z = g * ei^Q. The corresponding isomorphism 

does not depend on g because of the triviality of \6\ on Sj3g{K). Now for every 
/ = ®fv € Ra we have a well-defined section res(/) of jCa' 

res{ f){z) = ]Jrcs„(/„)(2;„) 

where z € G(A). Using the trivialization of £a over G{K) we can define the 
functional 

zeCiK) 

It is clear that this functional is P(i4r)-invariant. The convergence for / G Ra is 
checked in the same way as for 61: if ii' is a functional field, then almost all terms 
in 02(/) are zero; if ii" is a number field one has to use the explicit formula for the 
spherical vectors at archimedian places. The fact that 02 is P-tempered is clear 
from the explicit formulas for the action of P{F) on res(/). 

Theorem 8.1.2. The space of P{K) -invariant P-tempered junctionals on Ra is 
generated by 61, 62 and by the subspace of P{K)H (A) -invariant functional. 

Corollary 8.1.3. The space of G{K) -invariant P-tempered functionals on Ra is 
1- dimensional. 

Proof of the corollary. Since the functional 62 is Z^(-ff)(A)-invariant; wc obtain from 
the theorem that the subspace {RD^ {K)Z{H){A) C (Ra)^^^^ has codimension 1. 
Since G{K) and Z{H){A) generate G(A), the projection 
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is an embedding. On the other hand, from [5] we know that there exists a non-zero 
G(ii')-invariant tempered functional on R^. □ 

Let Ra,o be the restricted tensor product of the local spaces -R^^o of Z{H)- 
coinvariants (recall that at infinite places we use the definition of section 7). Let 
R'f^ C i?A be the kernel of the map i?A Ra,o and let R'^ be the space of H- 
tempered linear functional on Ra- 

Lemma 8.1.4. One has dim(i?^*)^(^) < 1. 

Proof. Consider the space Since the quotient group A/K is compact, 

we have 

a 

where a runs through non-trivial characters of the group A/K and the twisted 
coinvariant spaces Jz(H).a{Rk) are defined in the same way as in section 7 using 
the ring of Schwartz functions on Z(H)(A), the functionals on Jz{H),a{Rpi)* are 
assumed to be iJ-tempered. It follows from Propositions 6.2.3 and 7.2.1 that the 
natural action of the group H{A) on Jz(H),a {Ra) is irreducible and equivalent to the 
space of smooth vectors in the Schrodinger representation of H{A) corresponding 
to the character a. Hence, the spaces J z(H).a{Rk)* are 1-dimensional (see [16]). 
Since the natural action of the group P{K) on the set of non-trivial characters a of 
the group Z{H){A) / Z{H){K) ~ A/K is transitive, we obtain that dim(i?^*)^(^) < 
1. □ 

Let i?^ C -Ra.o be the kernel of the map i?A,o ^ J(Ra), where J(Ra) is the 
Jacquet functor with respect to H{A) (defined as in section 7). Let R'l* be the 
space of P-tempered functionals on R'^. 

Lemma 8.1.5. dim(i?^*)^(^) < 1. 

Proof. The group V{A) acts naturally on the space Ra,o and preserves the sub- 
space R'l- Consider the space {R'l*)^^^h Since the quotient group V{A)/V{K) is 
compact, we have 

where (3 runs through the set B of non-trivial characters of the group V{A)/V{K). 
We can identify the set B with V{K) — {0}. It follows from the adelic version 
of Proposition 3.2.2 that Jv[A).p{Rk,o)* ~ {0} if (i does not belong to C{K) and 
that dim(Jy(A),/3(-RA,o)* = 1 for /3 e C{K). Therefore, Lemma 8.1.1 implies that 
dim(i?^*)^(-^) < 1. ' □ 

Proof of Theorem 8.1.2. According to Lemma 8.1.5 P(/f )iJ(A)-invariant function- 
als form a subspace of codimension at most 1 in (Ra.o)^^^^ ■ Therefore, the latter 

space is generated by 6*2 together with the subspace {RD^^^^^'^^\ On the other 
hand, by Lemma 8.1.4, (i?A o)^'''^'' is a subspace in (i?|^)^(^^ of codimension at 
most 1. Therefore, {R^^)^'^^^ is generated by this subspace and by 9i. □ 
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8.2. Automorphic functional. Now we can apply our study of P(ii')-invariant 
functionals on i?A to determine the form of the G'(i4r)-invariant (tempered) func- 
tional. Recall that we denote by a = (a^) a differential idele corresponding to tp. 
It is well-known that in the number field case \a\ = \D\~^, where D is the dis- 
criminant, while in the functional field case \a\ = g^^^^, where q is the number of 
elements in the field of constants, g is genus (see [17], VII-2, prop. 6). 

Theorem 8.2.1. A non-zero G{K) -invariant tempered functional on Ra is a scalar 

multiple of a functional of the form 

0{f)=Oiif) + \a\-'^ ■e2{f)+a{f), 
where a is a P(K)H (A) -invariant functional. 

Proof. Using Theorem 8.1.2 we obtain that a G (if) -invariant tempered functional 
6 can be written as follows 

= ciOi + C262 + a 

where a is _ff (A)-invariant. Note that if ci = then 6 is Z(H)(A)-invariant. Since 
G{K) and Z{H){A) generate G(A), this is impossible. So we can assume that 

Ci = l. 

Let S he a non-empty set of places containing all archimcdian places, such that 
all the characters ipy ioY v ^ S have order 0. We define a family of function 

= ^vfv € depending on a real positive parameter e as follows. For places 
V ^ S we set = fo,v (the spherical vector). For v £ S finite we set 

fv — ^|j/|„=l;|(xo,... ,x„)|„<e) 

where Sjj denotes the characteristic function of the set U. For archimcdian v E S wc 
define to be a family of functions in Ry such that the support of is contained in 
the set {{y,XQ, . . . ,x„) : \\y\y - 1| < e, \xi\y < e} and such that fl{y,Q, ... ,0) = 1 
if|?/|. = l. 

From the G(if)-invariance of the functional 6 we get 

9{f^) = 9{Af^) (8.1) 

where A is the operator (1.2). We are going to calculated both sides of this equality 
(or rather their limits for e ^ 0). 

Since rcs„(/,y) = for v e S we have 9{f'^) = 6i{f'^). Furthermore, in the sum 
defining 0i(/') the non-zero terms are only those for which y, Xj G (z = 0, . . . , n) 
for all V ^ S and \\y\v — 1| < e, |a;i|v < e for all v G S. If e is sufficiently small this 
implies that xq = . . . = .x„ = while = 1 for all w, hence y is a root of unity in 
K. Note that for such y we have /^(y, 0, . . . , 0) = 1, so we obtain 

where IJ,{K) C K* is the set of all roots of unity in K. 

Now let us calculate the limit of the RHS of (8.1) as e — > 0. For v ^ S we 
have Af^. = /o.t,, while for w £ 5 the support of Af^ is contained in the set 
{(y,xo,... ,Xn) ■■ \\xo\v - 1| < e, |y|-u < e,\^i\v < e,i > 1} It follows that for 
sufficiently small e we have 6i{Af'^) = (since in this sum y is required to be 
non-zero). Also, since the support of reSv{Afv) for u G S* is contained in the 
set {(xo, . . . ,x„) : \\xo\v — 1| < e, |xj|^ < e,i > 1} (considered as a subset of 
A^{Ky) c C{Ky)), we have a{Af^) = 0. Arguing as before we see that in the sum 
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defining 02 (^/'^) only the terms with xq € l^{K), x\ = . . . = x„ = 0, survive. Now 
applying (3.10), we get 

res(^/')(a;oe/3j = \a\'^ lini A/'(y, a;o, 0) = \a\'^ lim /'(-a;o,y,0) = \a\'^ . 
It follows that 

Hence, from equation (8.1) we obtain = \a\~^ . □ 



9. AUTOMORPHIC FUNCTIONAL FOR G — Ek 

Throughout this section we assume that that G is of the type Ek, k = 6,7,8, 
and we set s = 1, 2, 4 in these three cases as before. 

9.1. More on the form of G(Jir)-invariant functional. Recall that in the case 

G = Ek the line bundles Cy over C{Ky) have canonical trivialization, so the P{Ky)- 
modules T{C{Ky),Cy) are identified with the spaces of functions on G{Ky) with 
the action of P{Ky) twisted by (see Corollary 3.3.2). This allows to rewrite 

the functional 62 more explicitly. 

Using the trivialization of Cv we can consider the map lesv as a P(JCi,)-equivariant 
map 

res^ : -> ® <C{C{K^)). 

On the other hand, using Corollary 3.3.2 and isomorphism of i?„ with standard 
realization, we obtain another P(/r„)-equivariant map between these spaces: / 1— > 
/ := laJolJ"*""^/, where / is given by (3.2) and the function / is extended 
uniquely from the open subset AP{Ky) C C{Kv) to a locally constant function on 
C{Ky). 

To compare these two maps it is enough to compare res^(/)(e/3Q) with /(e^^). 
The formula (3.10) immediately implies that 

res„(/)(xo,a;) = |a„|~5^ • f"'"\xQ,x) 

on AP^Kt}) c C{Ky). Thus, defining as the product of local factors for 

f = ®vfv we get 

^ / «\ I I IL+3 X — ^ —norm, > 

02(/) = |a|— / (^)- (9.1) 

zeC(K) 

Thus, the formula of Theorem 8.2.1 for the G(ii')-invariant tempered functional 
can be rewritten as follows: 

e{f)= E f{y,^n,x)+ 7"°"" W + «(/)• (9-2) 

yeif,(xo,x)eK"+i z&c(K) 

In fact, we can say more about the last term a. Let us assume that the conjecture 
of section 7 is true for the archimedian places of K. Using Theorem 6.2.2 we can 
write 

Q! = ai+a2, (9.3) 

where the functionals a\ and a2 are if(A)-invariant, a\ (resp., a^) is an eigenvector 
for the action of Z{L){Pk) with the eigenvalue |cj|®+-'^ (rcsp., |cj|3+i). Next, we 
claim that the functional ai and a2 are proportional to the following two natural 
functionals. For every place v we have projections J{Rv) — > C and J{Rv) — > 
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Rgi,v corresponding to the decomposition of J{Rv) into irreducible components 
(see Theorem 6.2.2). We normaUze these projections in such a way that the image 
of the spherical vector under the first (resp., second) projection is the element 1 G C 
(resp., spherical vector in Rgi,v)- Taking the product of these projections over all 
places we obtain surjective maps ^triv : J{Rk) C and J{Ra) Rgi,a- Let us 
denote by 6gi ■ J{Ra) C the composition of the latter map with the G\{K)- 
invariant functional on i?Gi,A- It is easy to see that ^triv and 6gi are i(-fr)-invariant 
functionals on J{Ra). Our claim follows from the following result. 

Proposition 9.1.1. The space of Gi{K) -invariant tempered functionals on J{Ra) 
is spanned by ^triv imd 9gi ■ 

Proof. Let us denote by J'(Ra) C J{Ra) the kernel of the projection J(Ra) — > 
Rgi,a- By Corollary 8.1.3 it suffices to prove that the space of d (iir)-invariant 
tempered functionals on J'{Ra) is spanned by the restriction of ^triv Let us denote 
by fi.v G J{Ra) the clement corresponding to (1,0) under the isomorphism R-^ ~ 
C © Rgi,v Then J'{Ra) is generated by tensor products of vectors in J{Ry) over 
all V with fi^y in at least one place (and with the spherical vector at almost all 
places). Now let 9' be a Gi (ii')-invariant functional on J'{Ra). Adding to 6' a 
scalar multiple of ^triv we can assume that 0'(®v/i,j)) = 0. We claim that this 
implies that 6' = 0. Indeed, let us fix a place vq and consider the subspace 

J'voW = fhvo ® J{Ra«o) C J'{Ra) 

where Ra^o is the restricted product of R^ over v ^ vq- It suffices to prove that 
the restriction of 6' to this subspace is zero. Wc can consider this restriction as a 
G'(iir)-invariant functional on J(i?A"o). But G{K) is dense in G{A'"°), so it is in 
fact G(A''°)-invariant. Hence, ^'|j;^(flA) is proportional to the restriction of 9*^"'^. 
Since we assumed that ^'((8)^/1,1;) = this implies that (^'\ji^{Ra) =0- 1^ 

It follows that ai is proportional to ^triv while a2 is proportional to 9gi- Let 

fo = '^vfo.v be the product of spherical vectors over all places. By the defini- 
tion 6'triv(,/o) = 1- Therefore, ai = Q;i(/o)6'triv Similarly, if we could prove 
that a;2(/o) / 0, this would imply that ^Gi(/o) 7^ and then we would have 
= ct2(,/o)^Gi/^Gi(,/o)- Therefore, our study of the automorphic functional on 
Ra essentially reduces to finding the constants ai(/o) and a2(/o)- In the next sec- 
tion we will develop a method for computing q;i(/o) and q:2(/o) assuming that K 
is a functional field. 

Now let us further rewrite the first two terms of the formula (9.2) for / of the 
form f = fo ® fs, where 5 is a finite set of places of K containing all archimedian 
places, f^ is the product of spherical vectors over all places v such that v ^ S, fs 
is an element of Rs = YiveS -^"^ Let us assume also that for allv ^ S the character 
il>y has order 0. Then our formula for the spherical vector implies that for every 
V ^ S one has 

-J norm — 1 

Hv 

where z S C{Ky), \z\y as the maximum of norms of all coordinates of z, Qy is the 
number of elements in the residue field of v. Let us define the divisor supported at 
the point v ^ S hy setting 

div.„(2;) = ny{z) ■ v, 
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where the integer e Z is the order oi z at v. Then we can rewrite the above 
formula as 

fo,v'^°™{z) = (l)v{divy{z)) 
where the function (f)y on divisors supported at v is defined by 



(l>v{n-v) = { ' 



n > 0, 
0, otherwise. 



This impHes that the vector /(f = Yl^^g fo,v satisfies 

fi (2) = 0(div^(^)) (9.4) 
where div'^(^) = J2v^s div^(2;) and the function (j) is defined by 

cl>{D)=Y[MDv) 

V 

where Dy is the part of D supported at v. 
Lemma 9.1.2. One has 

</.(D)= ^ \D'r, 

0<D'<D 

where \J2v'>^v- — Uv Iv"" ■ 

Proof. Indeed, it suffices to check this for divisors supported at one place in which 
case this is trivial. □ 

The formula (9.4) implies that 



</.(div^(y, a;o), x, div^(7'(x)) - div^(y, a;o), div^(7(x)) - 2 div^(y, a;o)) 



where the divisor associated to a vector is set to be the minimum of the divisors of 
its component, 4>{D\, . . . , Dk) = (j){Tsmi{D\, . . . , Dk)). Therefore, we obtain 

e{fi®fs)= E n V'.(-— )|div^(y,a;o)|-''-^x 

yeK',xo,...,XneK v:\yU<\xo\v 

cp{div^{y, xo), X, div^(/'(x)) - div^(y, xq), div^(/(a;)) - 2 div^(t/, xo))fs{y, xo,x) + 

J2 <i>{divHzm''°'"'{z) + a,{f^ ® fs) + a2{f^ ® fs)- 
zeC{K) 

Note that in the first sum the non-zero terms correspond only to j/, xo, . . . , a;„ that 
belong to the ring of 5-integers O'^ := Kn Uvgs^v, such that div^(/'(a;)) > 

div^(2/,xo), div^(/(a;)) > 2 div^(y, xq). 

Let us consider the particular case when K = Q, 5 = oo is the only archime- 
dian place of Q, tjj is the product of standard additive characters ijjp of Qp and of 
exp{—it). In this case f^ = /o,fin is the product of spherical vectors over all finite 
places, fs = foo is an arbitrary element of Roo- Then we can rewrite the above 

39 



formula as 

0(/o,fin®/oo)= Yl n 

j/eZ\0;xo,.-- >a!neZ p:|y|p<|xo|p 

I gcd(y, a;o)t^+Vs(gcd(2/, xq), x, , -^T-^-T^) f oo{y , a^o, a:) + 

gcd(y,xo) gcd(y,xo)^ 

X] Ms(^)/oo"°™(2) + Q:i(/o,fin 18) /oo) + a2(/0,fin ® /oo), 

zec(z) 

where /is(a) = I]<j|a - = /-ts(gcd(ai, . . . ,a„)), gcd stands for the 
greatest common divisor. Recall that the automorphic form on G(A) corresponding 
to 9 is given by ^p{g) = 0{gfo) where /o is the product of spherical vectors over all 
places. Since is G(Q)-left-invariant and right-invariant with respect to the max- 
imal compact subgroups at all primes, it is uniquely recovered from its restriction 
to G(M) C G(A). This restriction is the function (p{g) = 0(/o,fin <8i 5/0,00) on G(M) 
which is left- invariant with respect to G(Z) C G(R) and right- invariant with respect 
to the maximal compact subgroup of G(R). The above formula gives an expression 
of (fi{g) with the first two terms being the weighted sum of (?/o,oo over the integer 
lattice and the weighted sum of gf 0,00 over G(Z). Using the explicit formula for 
the archimedian spherical vector /o,oo and the formulas for the action of the Borel 
subgroup of G on R, one can write explicitly the first two terms of (f{b) for b in the 
Borel subgroup of G(M). Also, we know that en (6/0) = |w(6)|*+^ai(/o) where the 
character u) : T is extended to the Borel subgroup of G, so the only remain- 

ing problems are to compute ai(/o) and to understand the term corresponding to 
a2- We will return to these problems in a sequel to this paper. 

9.2. Case of the functional field and G — E^. Henceforward, we assume that 
-ftT is a functional field corresponding to a smooth projective curve X over a finite 
field. Let — H^{X,Ox) be the field of constants for X, \X\ the set of places 
(i.e. the set of points of X over an algebraic closure of Fg modulo the action of 
the Galois group). When we talk about divisors on X we always mean divisors 
defined over ¥q. We will prove that the constants ai(/o) and q:2(/o) are uniquely 
determined by the curve X. Moreover, we will compute them in the case X = . 

In the functional case it is convenient to twist our local models by the fibers of 
the canonical bundle of C. Recall (sec 1.2) that in the; local picture we can start 
with an arbitrary free O-modulc M of rank 1 and a character : F (g)o M C* 
which is trivial on M and non-trivial on tt^^M. Then we can realize the minimal 
representation of the local group G{F) in functions of y, Xq, . . . , e F M and 
our formula for the spherical vector is still valid in this realization (where the norm 
on F ®o M is determined by the condition that M is the unit ball around 0). Now 
for every invertible sheaf of Ox -modules jVt on X we can replace adeles A by the 
A-module 

Ma = YliKy (^Ox,v -Mv) 

V 

where A4v is the stalk of A4 at v, the product is restricted with respect to the 

subgroups My = Ox,v 'S'Ox.v -^v- The analogue of rational adeles in this picture is 
Mk C A^A:this is the stalk of M at the general point of X (the space of rational 
sections of A4 onX). Note that if we use local norms on Kv®Ox,v-^v for which 
Mv are unit balls, then for s G Mk one has = q~^'^^-'^. For M = wx we 
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denote the twisted adeles by to a and twisted rational ad'eles by uk C u>a- Let us 
choose a non-trivial character tpo -.Wg ^ C* and define the character ^ : — > C* 
by the formula 

ipiiojy)) = ipo{ ^ Tr^Res„(w^)) 
ve\x\ 

where Rcs,„ is the residue map with values in the residue field k{v), Tr^, : k(v) ¥g 
is the trace map. By the residue theorem, ip is trivial on ojk- We define the 
global minimal representation Ra of G(A) as the restricted tensor product of local 
minimal representations Ry, where for every place v G \X\ wc use the realization 
of the minimal representation of G{Ky) associated with the module u)x,v We can 
think about Ra as a subspace in the space of functions f{y, xo,xi, . . . where 
Xi e LUA, y e t^l- 

To identify this picture with the previous way of twisting one just has to choose 
a non-zero rational 1-form 77 G lok- Then the map / f{y ■ r],xo ■ r], . . . ,Xn ■ v) 
will give an equivalence from the twisted realization that was defined previously 
(for the character tjj orj oi A) with this one. 

In our new twisted picture the functional 61 and 62 assume the following form: 

^i(/)= X] f{y,xo,x), 

j/ewjf\{o},(xo,x)ewj+^ 

where / is defined in the same way as before (but with the new meaning of the 
norms | • Here the constant q^'^9-2){s+i) appears as a ratio |a;o|*"'"^/|a;or?|*"'"^ for 
Xq G K*, t] e cjk \ {0}. The analogue of formula (9.4) is 

:^'^°™(^) = 0(div(^)), (9.6) 
where div(^) is the minimum of the divisors of the coordinates of 2: G C{uik), 

<I>{D)= 'f""^'"'- (9-7) 

0<D'<D 

Thus, the G(ii')-invariant functional in this realization should take form 

o{f)= E /(2/,xo,x)+g(^-^)(«+^). E r™w 

+ ai(/) + a2(/), (9.8) 

where g is the genus of X. Since the G(JC)-invariant fimctional as in (9.8) is 
unique, the constants ai(/o) and a2(/o) depend only on s G {1,2,4} and on the 
curve X. We are going to describe a simple general method that could be used to 
compute these constants. Then we will apply this method in the case X = '¥^ . The 
case of elliptic curve will be considered in 9.3. 

The idea is to apply the functional 6 to the elements of the form tfo, where 
t G Z{L){K) and to use the fact that ai and a2 are eigenvectors with respect to the 
action of Z{L){A). Using the isomorphism oj^^ : — > Z{L) we can map ideles to 
elements of Z{L){A). Now for every idele a G A* we have 

^0oi"')fo{y,xo,x) = \af^+^fo{a'^y,axo,ax), 

— . , , , - norm . o „_i_o-;:-norm , , 

^ffMfo i^) = /o (az). 
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Therefore, if D is the divisor of a then 

^K(«)/o) = |a|'^+' E /(f (2/,^o,a;) + 

yeHO{X,ux{2D))\{0},{xo,x)eH°{X,u,x{D))'^+^ 
zeC{HO{X,wx{D))) 

where /o^ and /(f are sonic! modifications of the functions fo^°™ and /o defined 

as follows. The fmiction /o (z) = Yly fov (•2) fo'^ ^ ^ C{u!x{D)a) is given by the 
formula (9.6), the only difference is that the line bundle ux is replaced by u)x{D). 
The function f^{y,xo,x) for y e wx(2I?)2, (xcx) G uJxiDY^^^ is the product of 
local factors that are given by 

?/'o(-Res^^)|a;o|-'*-^^f(a;o,a;, ^,^), \y\y < \xo\v, 



fo{y,xo,x)v 



Jy|--V.(div(2/),div(a;),div(^),div(^))), |a;o|. < 



Note that this formula makes sense since the ratio I{x)/yxo can be viewed as an 
element of wa- Also in this formula wq extend the definition of to several divisors 
by setting 0^(£'i, . . . , = 0^(min(Z?i, . . . , £)„)). To define the relevant divisors, 
we view I'{x)/y as an element of loa and I{x)/y'^ as an element of ux{—D)a- In 
order for the above formula to be well-defined we introduce the divisor of zero 
div(O), which should be thought of as infinitely large, so that min(£', div(O)) = D 
for all D. 

We see that the sums 

yeH'>{X,u>x{2D))\{0},{xo,x)eHO(X,u>x{D))"+^ 

zeC{H«{X.ux{D))) 

depend only on the linear equivalence class of D and that 

^-(2.+2)degD^^(_^^)^^-(.+2)dagD^^(_^^)_ 

On the other hand, it easy to check that the operator [AS)^ G G{K) satisfies the 
relation 

{ASft = t-\ASf 

for all t e Z{L){K). Since the functional 9 and the vector /o are invariant with 
respect to {AS)^ we obtain 

e{th) = enAsftfo) = e{t-'{Asffo) = ^rVo) 

for all t G Z{L){A). Hence, 

e''{fo) = 9-^{fo). (9.9) 

If the divisor D satisfies h°{u;{-D)) = h°{u!{-2D)) = (e.g. if degL" > 2g - 2) 
then one has ^]~^(/o) = ^2^{fo) = 0- Therefore, for such D the equation (9.9) 
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becomes 

^(2.+2)degD^^(^^) + g(«+2)<i^^^a2(/o). (9.10) 

Clearly, these equations uniquely determine the constants ai(/o) and q;2(/o) (it 
suffices to consider two such equations with distinct degrees of D). 

In practice the computation of Oiifo) and 02 (fo) becomes quite complicated as 
degree of D grows. The following proposition gives a different way of calculating 
ctiifo) based on the fact that ai is an eigenvector with respect to the action of the 
entire torus T{A). 

Proposition 9.2.1. Let a, a' be a pair of ideles such that \aa'\ = 1. Then 
(H - l)(|ar - 1)(1 - |a|-^-i)ai(/o) = {e^ + {a}-' - PUaT>liaa')fo 

Proof. For every idele a let us denote tx{a) = uj/j^ia), t2{a) = LV^^{a)PQ {a)~^ . Note 
that Sj3g{ti{a)) = t2{a). We consider f & defined as follows: 

/ = (i2(a') - |ar+')(*i(a) - i«r')/o- 

Since a2 is the eigenvector for the action of ti with the eigenvalue |a|*+^, we obtain 
a2{f) = 0. On the other hand, since the operator A represents the action of s/}g, 
we have 

Af = {h{a')-\ar+'){t2{a)-\a\^+')fo, 
hence a2iAf) = 0. Note also that since ai is the eigenvector for the action of T{A) 
with the character 10^1"+^, we have 

Mf) = (l«T+' - |aT+')(|or^+' - |ar+')ai(/o) = (|a| - l)(|a|^ - l)ai(/o), 

a^{Af) = {\a'f^+^-\a'r')i\a\'+'~\a\^+')a,{f,) = i\a\-l){\a\'^ -l)\ar-^aM. 
Using the equations 0{Af) = 9{f) and Afo = /o we obtain the desired formula for 
ai(/o). □ 

Now we arc going to apply the above methods to the case X = ¥'^. 

Theorem 9.2.2. For X = one has 

ai(/o) = ^ 



g2«+2(5«+i-l)(5«-l)' 

a2(/o) - 



qZs+2(^qs+2 _ i^^qs _ ly 

Proof. We are going to consider the equation (9.10) for the divisor D of degree 1. 
We have 9^^{fo) = 6*2'^ (/o) = = 6*^ (/o) = and 6*^ (/o) = (g - 1) since in this 
case a;pi(2Z)) ~ Opi. Thus, the equation (9.10) for deg(Z)) = 1 takes form 

q-^'-\q - 1) + 9-'^-2ai(/o) + g-^-'a2(/o) = 9'^+'ai(/o) + 5^+'a2(/o). 

(9.11) 
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On the other hand, we can apply the formula of Proposition 9.2.1 to calculate 
ai(/o). Let us take = a' = n, where tt is a uniformizing parameter at some ¥q- 
point V. Leaving out zero terms in the right-hand side we can rewrite this formula 
in our case as follows: 

(g-l)(g^-l)(l-g--i)ai(/o) = 02(/3o^(7r)/o) + a^+2[02(i^/o)-0iK(7r)/o^ 
where 

^2(/3o^(7r)/o)=g-3^-3(g-l), 

^i('^XW/o) = 9-^^-^(9-1). 
Therefore, the formula takes form 

(g«-l)(l-(Z-^-i)ai(/o) = g-^«-^. 
It remains to use equation (9.11) to find q;2(/o). □ 

9.3. Elliptic curve case. Assume now that X is an elliptic curve over and let 
us calculate the constants a\{fo) and 0:2 (/o)- 

First, let us find one quantity that will often arise in the calculation. 

Lemma 9.3.1. The nurnher of points of C over the finite field ¥q is 



■ Q 

cardC(F,) = iq''+^ - l)iq^''+' + l){q'+' + 1). 

Proof. The stabilizer subgroup S~,,g C i of a point e-yg € C is connected, so the 
action of L{¥q) on C{¥q) is transitive and we have 

card err 1 ^^'^dL(F,) 
'^'^^^^''^-card5,,(F,)- 

Using the notation of Lemma 3.1.6 we have 

card5^„(Fg) = "^^""^Qjoi^i) = cardPi(F,) = q^{q - 1) cardGo(Fg) 

where I = card$+(Gi) — card (Go)- On the other hand, 
cardL(F,) = {q-l) cardGi(Fq). 

Hence, 

cardC(F,)= 

^ ^' •cardGo(F,) 

It remains to use the table in section 1.1 giving Go and Gi and the formulas for 
the numbers of elements of Chevalley groups over ¥q (see [15], §9). □ 

Let us consider equation (9.10) in the case degD = 1. We can assume that 
D is efifective, so D = p for some point p of degree 1 on E. Since H^i^Oxiv)) is 
one-dimensional, we have 0(div(z)) = = q'^ + 1 for every z € C{H'^{Ox{p)))- 
Hence, 

el{f^) = (cf + l)-<zmdC{¥q). 
In the sum determining 0{(fo) let us distinguish three cases: (i) xq ^ 0, (y, xq) = 
1, i.e. y is not divisible by xq; (ii) xq 7^ 0, xo\y; (hi) xq = 0. 

44 



In case (i) we have 

/o (y. xq, x) = V'o(- V Rest ^^). 

t:y(t)=0 ^ 

Using the residue theorem we can rewrite this as 

I(x) 

fo{y,xo,x) = V'o(R.est:^g(t)=o ) = 1 

yxo 

since x vanishes at the unique zero of xq, hence I{x)/yxo is regular at this point. 
The corresponding part of the sum determining ^^(/o) is equal to 

card{(y, xq, x) : {y, Xo) = 1} = (9 - IJq^'+^Q - 1)9 

(we used the fact that n = 6s + 3 and the fact that the number of y € H°{Ox{'ip)) 
that are relatively prime to a given non-zero element xq G H°{Ox{p)) is equal to 

9(9-1))- 

In case (ii) we have 

fS{y,xo,x) = |xo|-^-V(div(xo),div(x),div(:^),div(:^)). 

Xq Xq 

Note that X is divisible by xq, hence, I'{x) is divisible by Xq, I{x) is divisible by 
Xq. Therefore, 

f^{y,xo,x) = |xo|-^-V(div(xo)) = ?^+V(p) = 9^+'(9^ + 1)- 
The corresponding part of the sum calculating 0\{fo) is equal to 
q'+\q' + 1) • CBxd{{y,Xo,x) : yj^O,Xoj^ 0,Xo\y} = q'+\q' + l)q^'+^{q - if. 
In case (iii) we have 

f!{y,xo,x) = — V(div(y),div(a;),div(:^),div(^)). 

In order for this expression to be non-zero I{x) should be divisible by y^. But 
I{x) is a section of Oxi'ip) and y"^ is a section of C'x(4p), hence we should have 
I{x) = 0. Now we can distinguish the following three subcases: (iiia) I'{x) ^ 0; 
(iiib) r{x) =0,x^ 0; (iiic) x = 0. 

Since I'{x) should be divisible by y, in case (iiia) we obtain that I'{x) is a non- 
zero multiple of y. Equivalently, y belongs to the image of the map S'^H^{Ox {p)) 
H^{Ox{'2.p)), which is one- dimensional. Thus, the corresponding part of the sum 
for 9\{fo) is equal to 

^2«+2(^ - 1) card{x G : I{x) = 0, l'{x) ^ 0} = 

g25+2(g - l)[q^'+^ - card{x e : I{x) 7^ 0} - card{x G F^ : I'{x) = 0}]. 

The latter quantity can be calculated using formulas (5.4) and (5.5). 
The part of the sum corresponding to case (iiib) is 

q^^+^ J2 0(div(2/),div(x)). 

3/5^0, X7t0:/'(x)=0 
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Since div(a;) = p, we get 0(div(?/), div(a;)) = 1 if y{p) ^ and ^(div(2/), div(x)) = 
g'* + 1 iiy{p) = 0. Thus, the above expression is equal to 

^2s+2j(-^s _^ ^) card{y 7^ : y{p) = 0} + card{j/ 7^ : y{p) 7^ 0}] card{a; 7^ : /'(a;) = 

= q^'^\q' + - 1) + q{q - 1)] card{a; G : a; 7^ 0, /'(a;) = 0}. 

The latter cardinality is given by the formula (5.5). 

Finally, the part of the sum corresponding to case (iiic) is 

^ 0(div(y)). 

yGH''(Ox(2p))\{0} 

Using formula (9.7) we can rewrite this as follows 

^2s+2 ^sdesD^^h<'i2p-D) _ ^ q^'+%q^ - 1) + g^(g - l)N + q^\q^ - 1)], 
£)>0 

where A'' is the number of F^-points of X. 

Combining all the terms of the sum for 0^{fQ) we obtain 

0{{fo) = q''^\q If + q''^\q " ifiq" + 1) + 

q^'+^{q - l)[g*^"+^ - 1 - card{x S F^ : I{x) ^ 0} + 

{q' + q) card{x G F;' \ : I' {x) = 0} + q' N + {q^' + l){q + 1)] = 

g2^+2(q - \)[q'^+^{q - 1) + q^^+^q - l){q^ + 1) 

+ (g2-+l - l){q^'+^ + q + l){cf' + + 1) + (g'^' + l)(g + 1) + q'N]. 
Therefore, equation (9.10) in this case becomes 

q-'-\q - m^'+Hq - 1) + g'^+'(9 " l)(g^ + 1) + 

(g2«+i - l)(g2^+i + g + l){q'' + g^ + 1) + (g'^ + l)(g + 1) + q'N] + 

^-2.-2(^3.+2 _ l)(52a+l ^ ^ ^ (9 ;^2) 

To get the second equation let us pick a divisor D of degree 2 on X and let us 
compute of {fa) and (/o). One can also try to calculate Q!i(/o) using Proposition 
9.2.1 but we are not going to pursue this. 

We will need the following auxiliary Lemmas. 

Lemma 9.3.2. Let PC C F{V) be the projectivization of C. Then the number of 
projective lines in F{V) that are contained in PC is equal to 

card{x G \ {0} : /'(x) = 0} • cardC(Fg) _ 

('7-l)('?^-l) ^ 

(g2«+l _ ^^(^2. ^gs^ l)(g3.+2 - l)(g2^+l + l)(g^+l + 1) 

(g-l)(g2-l) 

Proof. Since the action of L{¥q) on C(Fq) is transitive we have 

card{p G i C PC} = cardPC(Fg) card{L C PC : e^^ G L}. 
On the other hand, clearly, 

card{p G i C PC} = card{L C PC}(g + 1). 
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Therefore, 

card{L C PC} = cardC(F5) card{L C PC : e^jo G L}/{q^ - 1). 

It remains to notice that directions of Unes passing through ep^ that are contained 
in PC correspond to directions of vectors a; G such that I'{x) = 0. Hence, 

card{i C PC : ep„ € L} = card{a; e \ {0} : /'(a;) = 0}/{q - 1), 

which impHes our formula. 

Lemma 9.3.3. One has 

cavd{x G if°(P\e>x(l))®"\{0} : I'{x) = 0} = {q'^'+^ -l){q'^'+q'+l){q^'+q'^'+^ -q' 

Proof. Let us denote hy Z C P"-"^ the projective variety given by the equations 
I'{x) = 0. Then the cardinahty in question is closely related to the number of 
projective lines that are contained in Z. More precisely, we have 

card{a; e H°{¥\ \ {0} : /'(x) = 0} = 

{q + 1) card{a; e F^ \ {0} : I'{x) = 0} + (g^ - l){q - l)gcard{lines in Z}. 

Since card{x G F" \ {0} : I'{x) = 0} is given by formula (5.5) it suffices to find the 

number of lines in Z (defined over Fg). 

Let us denote by Lines(Z) the variety of projective lines in Z. If G = Eq (resp., 
G = Ej) then Z is the variety of 3 x 3-matrices of rank 1 (resp. skew-symmetric 
6 X 6-matrices of rank 2). So in these two cases it is not difficult to compute the 
number of lines in Z directly. To compute this number in the case G = Es we 
will prove that Lines(Z) Eq/Q where Q is the maximal parabolic subgroup in 
Eq corresponding to the vertex adjacent to the last vertex in the Dynkin diagram 
(i.e., to the 5-th vertex with respect to the standard numbering of vertices). First 
we claim that Z is the projectivization of the orbit of the highest weight vector in 
the 27-dimensional representation oi Eq, so Z = E(,/P where P is the parabolic 
subgroup corresponding to the last vertex in the Dynkin diagram of Eq. Indeed, 
let A denote the fundamental weight corresponding to this vertex, so that V\ is 
the 27-dimensional representation of Eq . The derivatives of the i?Q-invariant cubic 
form / on Vx correspond to the unique (up to scalar) invariant map S^{Vx) V^. 
Therefore, the quadratic relations defining Z correspond to the second factor in 
the decomposition S'^{V^) = F2*a ® ^a- It is easy to sec that the quotient of the 
symmetric algebra S*{V^) by these relations is precisely the algebra ®n>oV*^ of 
functions on the projectivization of the orbit of the highest weight vector in Vx. 
Hence, Z = Eq/P. 

Let W be the Weyl group of Eq, W C be the subgroup corresponding to 
P. One can check that the set of double cosets W'\W/W' has 3 elements. This 
means that Z x Z is partitioned in three i^g-orbits. One of them is the diagonal 
/S. C Z X Z, another is an open orbit. Now the set of pairs (2:1,-22), such that 
zi ^ Z2 and the line spanned by zi and Z2 is contained in Z, is a proper closed 
subset of Z X Z \ A. Therefore, it is the third i^g-orbit. This implies that Eq acts 
transitively on the set of lines in Z . It remains to find a line contained in Z such 
that its stabilizer subgroup in Eq coincides with Q. To this end let us consider the 
subgroup S = SL2 C Eq corresponding to the simple root uq. Let vq G V\ be the 
highest weight vector. Then Svq is a plane in V\ and its projectivization f'Svo is a 
line contained in Z. For every root a let us denote by Ua the corresponding root 
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subgroup in Eq. Note that WSvq is the closure of ?7_Qg-orbit of the line spanned 
by Vo- For every positive root a the commutator of Ua and C/-Qg lies in the Borel 
subgroup, hence Ua preserves FSvq- On the other hand, if /J is a root belonging 
to the subsystem A4 C Eq spanned by ai , . . . ,04 then the corresponding root 
subgroup Ufs C Q commutes with U-a^, hence, it preserves P^iiq- Finally, the 
maximal torus and the subgroup S also preserve this line. It follows that the 
stabilizer of ¥Svo contains Q. Since Q is a maximal parabolic, this stabilizer is 
equal to Q. 

Thus, we have established that Lines(Z) = Eq/Q. Using the formula for ca,idEe{¥q) 
we obtain 

(gl2_l)(^9_i)(^4 + l)(^3 + i) 



cardLines(Z)(Fq) 



(g-l)(92-l) 

□ 



Lemma 9.3.4. One has 

card{x e i?°(P\Ox(l))®" : degdiv(/'(x)) = 2,/(x) = 0} = 

^2.+ l(^2.+l _ j)(^2« _^qs^ l _ ^ ^ qs-l ^ ^) 

Proof. Let us distinguish three cases: (a) div(/'(a;)) = P1+P2, wheiepi,p2 € P^(Fg), 
Pi + P2; (b) div(/'(a;)) = p, where p G ¥^{¥^2) \ P^F,); (c) div(/'(a;)) = 2p, where 
p € ¥^(¥q). Wc claim that in cases (a) and (b) the condition I{x) = is satisfied 
automatically. Indeed, in these cases we have div(a;) = (otherwise div(/'(a;)) 
would contain a double point). Therefore, x determines a projective line L c P"~^. 
Let Z C P"~i be the singular locus of the cubic hypcrsurfacc I{x) = (given by the 
equations I'{x) = 0). Then L passes through Z at two distinct points corresponding 
to pi and p2 in case (a) (resp., to p and Probg(p) in case (b)). It follows that the 
restriction of the cubic form / to Z has two double zeroes. Therefore, L is contained 
in the hypersurface I{x) = which implies our claim. In case (a) each x is uniquely 
determined by x{pi) and x{p2), hence we obtain 

card{a; e H°{F\Ox{l)f : div7'(a;)) = pi +^2} = 
card{a; e : I'{x) = O}^ - card{a; e ff°(P\ ©^(l))®" : I'{x) = 0}. 
Similarly, in case (b) we have 

card{a; e H°{¥\ Ox(l))®" : div/'(a;)) = p} = 

ca,vd{x G F^2 : 1'{x) = 0} - card{a; G i?°(P\ Ox(l))®" : I'{x) = 0}. 

In case (c) we can have div(x) = or div(x) = p. In the former case the line L c 

P"^^ corresponding to x is tangent to the singular locus Z of the cubic hypersurface 
I{x) = 0. This still implies that L is contained in the hypersurface / = 0. Indeed, 
it is well-known that Z is smooth (see [3]). Therefore, every tangent line to Z is a 
limit of chords. But wc have seen above that all chords of Z are contained in J = 0, 
hence every tangent line to Z is contained in / = 0. Since the dimension of Z is 4s 
(see [3]), we obtain that for given p G P^(Fg) 

card{a; G if°(P\ Ox(l))®" : x{p) ^ 0,7'(a;)|2p = 0} = 
card{a; G F^ \ {0} : I'{x) = 0}. 
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Therefore, for every p E P^(Fq) one has 

card{,x G i?"(P\ Cx(l))®" : div(/'(x)) = 2p,I{x) = 0} = 
card{x e F;' : I{x) = 0} + q'^'+^ card{x e F^' \ {0} : I'{x) = 0} - 
card{x e F°(P\ : I'ix) = ()}. 

Combining the above contributions from three cases and using Lemma 9.3.3 we get 
the result. □ 

For every Hne bundle M on a curve Y let us denote by C{M) the set of ^ e 
H^{Y, M) ® V that satisfy the equations defining C in V. Using formula (9.7) we 

can write 

O^ifo) = E '/'(div(^)) = E 'i'"""'' cardC(Ox(Z) - D')) = 

zeCiOxiD)) D'>0 

caxdC{Ox{D)) + caidC{¥g)N + q^' cardC(F,)(g + 1). 

Now we use the fact that the complete linear series \D\ defines a morphism X — » 
such that D is the pull-back of Cpi(l). Since the pull-back of sections defines iso- 
morphisms i?°(Fi,Opi(m))^Sym'"iJ"(X,C>x(£')) C H^{X,Ox{mD)) for m > 
1, it induced the bijection C(C'pi(l)) = C{Ox{D)). It is clear that 

C(0pi(l)) = card{lincs in PC} cardGL2(F<,) + (g -M) cardC(Fg). 
Hence, applying Lemma 9.3.2 wc get 

C(Cpi(l)) = cardC(F,)[card{a; G F^ \ {0} : I'{x) =Q]q + q+l]. 
Substituing this into the above expression for O^ifo) we get 

6lf (/o) = cardC(F,)[card{x G F^ \ {0} : I'{x) = Q]q + q + I + q" N + q^'{q + 1)] = 

(93^+2 - 1) (92^+1 + + ^ ^3.+2 ^ ^2.+2 ^ ^2s _ ^ ^ ^ 

Let us distinguish four cases in the sum determining 6^ (fo)'- (i) xq ^ 0, (y, xq) = 
1; (ii) xo 0, (div(2/), div(a;o)) = p for some Fg-point p of X; (iii) xq ^ 0, Xo\y; (iv) 
xo = 0. 

In case (i) we have 

I{x) 

t:xo(t)=0 " 

Since I{x) (resp. xq) is a pull-back of a section of Opi (3) (resp. O^i (1)), either 7(a;) 

is divisible by xq or I{x) is relatively prime to xq. In the former case f^{y, xq, x) = 
1. In the latter case, it is convenient to fix xq and x (such that {I{x), xq) = 1) and 
to calculate the sum of fQ^{y,XQ,x) over all y G H^{Ox{2D)) \ {0} such that y is 
relatively prime to Xq. We consider separately three subcases: (ia) div(a;o) = V1+V2, 
where deg(i'i) = deg(t'2) = 1, Vi V2; (ib) div(a;o) = v, where deg{v) = 2; (ic) 
div(a;o) = 'iv, where deg(w) = 2. We claim that in case (ia) 

M^f^^vi + Res„2 -^) = q ; 
, s , yxo yxo 
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in case (ib) 



and in case (ic) 



V Vo(Res. ^-^) = 0. 

y:(y,xa) = l 

Indeed, in case (ia) the values of y at v\ and V2 can be arbitrary elements of F* and 
each pair of values is assumed times. Similarly, in case (ib) the value of y at u 
can be arbitrary element of F*2 and each value is assumed times. In case (ic), 
let us pick a uniformizing parameter 7r„ at t;, and trivializations of the relevant line 
bundles such that the residue at v can be computed as coefficient with tt"^. We 
can write I(x)/xq = (clq + ai7r„ + . . . )/7r^, y = 60 + ^I'^u + . • . , where Og, 60 G F*, 
ai,&i € Fg. Then Res^(J(a;)/2/a;o) = (ai^o — &iao)/&o- -^^ remains to use the fact 
that in our sum over y every pair (60, &i) is taken q^ times and for every fixed 
60 G IF* one has 

E ai6o — &lao^ „ 
M 72 ) = 0. 

Thus, the sum corresponding to case (ia) is equal to 

^ [card{a; G H°{Ox{D))'' : xo\I {x)} cavd{y : (t/,a;o) = 1} + 

a:o:div(a:o)=f i+''2 

card{a; e i?°(Ox(-D))" : (/(x),xo) = Ijg^] 
Considering xq and coordinates of a; as elements of i?°(P^, 0(1)) we see that 

card{a; e H^{Ox{D)Y : xo\I{x)} = q^'+^ caid{x G F^ : I{x) = 0}. 
Hence, we can rewrite this sum as 

card{:ro S H°{Ox{D)) : div(a;o) - '(.'i + V2}q'^'+^ x 
[card{x e : I{x) = 0}(g - 1)^ + card{a; G F^' : I{x) ^ 0}]. 
Similarly, the sum corresponding to case (ib) is equal to 

cardjxo G iJ°(Ox(£')) : div(xo) = v}q^'+^ x 

[card{x G F^ : I{x) = 0}{q'^ - 1) - card{a; G F^ : I{x) ^ 0}] 

and the sum corresponding to case (ic) is equal to 

card{a;o G iJ°(Ojf (£>)) : div(xo) = 2t>}g*5^+6(g - 1) card{a; G F^ : l(x) = 0}. 

Let us denote by a, 6 and c the numbers of divisors in the linear series \D\ defined 
over Fq of the form v\ + w and 2v respectively (where deg{vi) = deg(?;) = 1, 
deg('u;) — 2). Note that a + b + c = q+ l and 2a + c = N. Combining cases (ia), 
(ib) and (ic) we get the following contribution from case (i): 

aq'^'+^iq - l)[card{a; G F^ : I{x) = 0}(g - 1)^ + card{a; G F^ : I{x) + 0}] + 

69*^^+^(9 - l)[card{a; G F^ : I{x) = 0}{q'^ - 1) - card{a; G F^ : I{x) 0}] + 

cq^'^^{q - \f card{a; G F^ : I{x) = 0}. 
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Using the formula (5.4) and the relations between a, b and c this expression can be 
rewritten as follows: 

^9^+6(5 - lf[q{q + + + qs+i _ i) + (i _ g^+i _ q2s+i^N]. 

In case (ii) applying the residue theorem we can write 

f^iy,xo,x)=M Res„:^)g^+V(;>,div(x),div(7'(x))-p,div(7(a;))-2p), 
v-\'^o\v<\y\v 

where p is the greatest common divisor of div(.To) and div(y). In order for this 
to be non-zero I'{x) should vanish at p. Since I'{x) is a pull-back of a section of 
£>pi(2), this implies that I'{x) is divisible by Xq- We claim that in this case I{x) 
is divisible by Xq. (in particular, div(/(a;)) > 2p). Indeed, this follows immediately 
from the identity I{I'{x)) = I{xY. It follows that the relevant residues vanish since 



yxo X' ^ regular at all places v where xo/y is regular. Note also that we 



I(x) _ Ux) 
yxo 

have 

^(p,div(x),div(7'(x)) -p,div(7(x)) -2p)=\\ "5^J ^ y^^'^^P^ = °' 

[q' + l, x{p)=0. 

Therefore, the contribution from case (ii) is equal to 

'=^^^1^ ^ H°{Ox{D))^ ■■ x{p) 0,I'{x){p) = 0} + 

(y,Xo),peX{¥g):(y,Xo)=p 

J2 card{x G H'^iOxiDyr : x{p) = 0}{q' + 1)] = 

{y,xo),peX{¥g):{y,xo)=p 

q'+' cavd{{y,Xo),p e X(F,) : {y,xo) = p}q^'+'' [cavd{x e \ {0} : 7'(x) =0} + q' + 

To compute cardKy, xo),p £ X(Fq) : (j/,.to) = p} wc note that for every point p G 
X{¥q) there is a unique divisor p+p' in \D\ containing hence xo is determined up 
to a scalar. Next, we note that y can be considered as an element of H^{X, Ox{2D— 
p)) which does not vanish at p'. Hence, there are (g — 1) choices of xo and q^{q — 1) 
choices of y for every given p, so 

card{(y,.To),p G X{¥g) : {y,xo)=p} = q\q - i fN. 

Substituting this in the above expression and using formula (5.5) we can rewrite 
the contribution from case (ii) as follows: 

q^^+^{q-lf{q^^+^+q^+^+q-l)N. 

In case (iii) we have 

f^{y, xo,x) = q^'+^{div{xo),div{x), div{I'{x)/xo),div{I{x)/xl)). 

In order for this to be non-zero I'{x) should be divisible by xq (which automatically 
implies that I{x) is divisible by Xq). Note that either x is divisible by Xq or div(a;) 
is relatively prime to div(a;o). In the latter case (/i(div(a;o), div(x), . . . ) = 1, while 
in the former case (f){div{xo),div{x), ■ ■ ■) = ^(div(a;o)). Therefore, the contribution 
from case (iii) is equal to 

^2s+2(^2 _ i)[card{xo G H°{Ox{D)),xe H\Ox{D)r : {x,xq) = l,xo\I\x)} + 
q'^+' Y '/'(div(xo))]. 

xoeHO(Ox(C))\{0} 
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Applying (9.7) we obtain 

^ 0(div(xo)) = q'''^^'''{q'''^^-^'^-l)=q'-l+q'{q-l)N+q'%q'-l). 

xoeHO{Ox{D))\{0} D'>0 

Also we have 

card{x e H°{OxiD)),x S H\Ox{D)T ■ ix,xo) = 1, a;o|/'(a;)} = 
(g2 _ l)g6-+3 card{,x e F^" \ {0} : /'(x) = 0}. 

Therefore, using formula (5.5) we can rewrite the contribution from case (iii) as 
follows: 

In case (iv) we have 

f^{y,xo,x) = 9*^+V(div(y),div(a;),div(7'(a;)/y),div(7(a;)/y2)). 

In order for this to be non-zero I{x) should vanish and /' (x) should be divisible by 
y. We distinguish four subcases: (iva) I'{x) ^ 0; (ivb) I'{x) = 0, div(x) = 0; (ivc) 
r{x) =0,x^0, div(x) > 0; (ivd) x = 0. 
The contribution from case (iva) is equal to 

q^'+^{q - 1) card{x e H°{Ox{D))'' : I{x) = 0,degdiv(/'(x)) = 4} = 
q^'+^{q - 1) card{x € i7°(Opi (1))" : I{x) = 0,degdiv(/'(x)) = 2}. 
Applying Lemma 9.3.4 we can rewrite this contribution as 

q^^+^q _ l)(g2«+i _ i)(q2- +qs + _ + g« + + i). 

The contribution from case (ivb) is equal to 

q^'+\q^ - 1) card{x £ H'\Ox{D)r : l'{x) = 0, div(x) = 0} = 
q4s+4^^4 _ i)[card{x G i/"(Opi(l))" \ {0} : /'(x) = 0} - 
(g + 1) card{x G \ {0} : I'{x) = 0}. 
Using Lemma 9.3.3 and formula (5.5) we can rewrite this contribution as follows: 

g'-^+'(9' - l)(g'^+' - l){q'' + q' + l){q^' - m'-' + !)• 
The contribution from case (ivc) is equal to 

J2 g^«+V(div(y),Z)')x 

yeH0(Ox{D))\{0},D'G\D\ 

card{x e iJ°(Ox (£>))" \ {0} : I'{x) = 0,div(x) = D'} = 

q^'+^ card{x G \ {0} : I'{x) = 0} • ^ 0(div(y), D'). 

yeH0(Ox(D))\{0},D'e\D\ 

Applying formula (9.7) we get 

^ <^{dW{y),D') = Y: qS^^.E^q^^',.n-E) _ i) " ^ = 

V(^H0{Ox(D))\{0},D'£\D\ E>0 ^ 

(9* - l){q + 1) + g^((z3 - 1)7V + q'%q^ - l){q + 1). 

Therefore, by (5.5) the contribution from case (ivc) is given by 

q4s+4^^2s+l _ i^(g2« ^ ^ i)[(g2 _ ^ i)(^2« + ^2 ^ ^ ^^(^3 _ 
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Finally, the contribution from case (ivd) is equal to 

J2 <^(div(y)). 

yeH0{Ox{D))\{0} 

Again applying (9.7) we obtain 

yeH"(Ox{D))\{0} E>0 

/ - 1 + q'{q^ - 1)N + q^'iq^ - 1) cardX(2)(F,) + q^'{q - 1) cardX(3)(F,) + /-(g^ 

where X'-'^^ denotes d-th symmetric power oi X. Using the formula cardX('')(Fq) = 
N{q''' — l)/{q — 1) we can rewrite the contribution from case (ivd) as follows: 

qis+i(^q4 _ ;^)(^4. ^ 1) +g5.+4[(^3 _ i)(^2. ^ l) + qS(^q2 _ i)(5+ i)]7V. 

Combining all the above contributions we can write explicitly the equation (9.10) 
for the case deg£> = 2. Together with the equation (9.12) this gives a system 
of equations that determines ai(/o) and a2(/o)- Solving this system we get the 
following answer. 

Theorem 9.3.5. For an elliptic curve X/¥q one has 

ai(/o) = l+ ^ 



((Z-+i-l)(9 

a2(/o) = 9'^+' + 1 + 



, , , g(g4^+2-l)(9^ + l) (g2«+i + l)iV 



qs+2_i (^qs+2 _ i^f^qs _ ly 

where N is the number of¥g-points of X. 

Note that in both cases g = and g = 1 wc have 

a^ifo)=q'-'<>-'^^^+'^L{X,q^). 

where L{X,t) = '^^^^^ ^^'''^ ■ Wc conjecture that this formula holds for an 

arbitrary curve. Using Proposition 9.2.1 we can reformulate our conjecture as the 
following identity that should hold for every ideles a and a', such that \a\ = q, 
\a'\=q-^: 

1"'"'"'^^^ - '^X(«))/o] = (9 - l)5(^^-^«^+^) det(l - q^ Frob,, H\X)). 
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